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THE MODULI SPACE OF STABLE COHERENT SHEAVES VIA
NON-ARCHIMEDEAN GEOMETRY
YUNFENG JIANG
ABSTRACT. We provide a construction of the moduli space of stable coherent
sheaves in the world of non-archimedean geometry, where we use the notion of
Berkovich non-archimedean analytic spaces. The motivation for our construction
is Tony Yue Yu’s non-archimedean enumerative geometry in Gromov-Witten
theory. The construction of the moduli space of stable sheaves using Berkovich
analytic spaces will give rise to the non-archimedean version of Donaldson-
Thomas invariants.
In this paper we give the moduli construction over a non-archimedean field
K. We use the machinery of formal schemes, that is, we define and construct the
formal moduli stack of (semi)-stable coherent sheaves over a discrete valuation
ring R, and taking generic fiber we get the non-archimedean analytic moduli of
semistable coherent sheaves over the fractional non-archimedean field K. For
a moduli space of stable sheaves of an algebraic variety X over an algebraically
closed field κ, the analytification of such a moduli space gives an example of the
non-archimedean moduli space.
We generalize Joyce’s d-critical scheme structure in [42] or Kiem-Li’s virtual
critical manifolds in [44] to the world of formal schemes, and Berkovich non-
archimedean analytic spaces. As an application, we provide a proof for the
motivic localization formula for a d-critical non-archimedean K-analytic space
using global motive of vanishing cycles andmotivic integration on oriented formal
d-critical schemes. This generalizes Maulik’s motivic localization formula for the
motivic Donaldson-Thomas invariants.
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1. INTRODUCTION
1.1. Structure of the paper. This paper contains two parts. The first part is a
construction of the moduli space (stack) of (semi)-stable coherent sheaves in the
world of non-archimedean geometry. The motivation for our research is Tony Yue
Yu’s study of Gromov compactness of the moduli space of stable maps in non-
archimedean analytic geometry in [77]. The central part of his theory, motivated
by the work of Kontsevich-Soibelman, is to define the open version of Gromov-
Witten invariants using non-archimedean analytic geometry. Tony Yu has made
several progresses along this direction, see [78], [79].
The advantage of T. Yu’s theory is that the invariants he defined satisfy the
Kontsevich-Soibelman wall crossing formula as in [45]. So this theory should give
the right invariants, and these invariants can be used to construct mirrors for some
log Calabi-Yau geometries, see [79]. This is parallel to the Gross-Siebert program
in the series of works [29], [30], [31], [27], where their goal is also to construct
mirrors using open or punctured version of Gromov-Witten invariants. All of
these achievements provide deep evidences in mirror symmetry.
One of the important conjectures in enumerative geometry is the Gromov-
Witten/Donaldson-Thomas (GW/DT) correspondence by MNOP [56], [57]. The
GW/DT-correspondence conjecture holds for any smooth projective threefold. We
only restrict to Calabi-Yau threefolds. Roughly speaking, for a projective Calabi-
Yau threefold Y, GW/DT-correspondence states that the Gromov-Witten partition
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function of the curve counting invariants of Y via stable maps is equivalent to the
Donaldson-Thomas (in [74]) partition function of the curve counting invariants
via ideal sheaves after a change of variables. T. Yu’s theory [77] is the Gromov-
Witten like invariants on non-archimedean analytic spaces. So there should exist a
theory of the sheaf counting in non-archimedean analytic geometry. In this paper
we provide the first step for the sheaf counting in the non-archimedean sense, i.e.,
we construct the moduli space (stack) of the (semi)-stable coherent sheaves for
non-archimedean analytic spaces. We work in the category of formal schemes and
Berkovich non-archimedean analytic spaces for this construction. Of course it is
ambitious at the moment to see if the counting sheaf theory provides better sights
on the construction of mirrors than Gromov-Witten like invariants.
We define the formal moduli functor of the semistable sheaves over a stft formal
scheme, and prove that the functor is represented by an algebraic stack using
Artin’s criterions for the representability of algebraic stacks in [2].
The Berkovich non-archimedean analytic space is natural to the study of
degenerations of algebraic varieties. Over filed of character zero, every Berkovich
analytic space X has a simple normal crossing (SNC) formal model X over R,
which is a stft formal scheme over a discrete valuation ring R such that its special
fiberXs is a κ-scheme and has only simple normal crossing divisors and the generic
fiber Xη – X. The non-archimedean analytic space X is independent to the formal
model we choose, i.e., if we have a different formal model X1, then the generic
fiber X1η is also isomorphic to X. For instance, elliptic curves can be degenerated
into a circle of projective lines, called the skeleton of the degeneration. One can
blow-up the special fiber so that there are some branches on the circle, but the
skeleton does not change. Using this idea we construct the universal stack M of
SNC formal models for a fixed pair (X,X); and the formal moduli stack of stable
ideal sheaves ofM.
The Berkovich non-archimedean analytic spaces can be used to study the
degeneration of stable coherent sheaves for the variety Y with simple normal
crossing divisors. In [50], [52], the moduli space of relative stable coherent sheaves
for a pair (Y,D) is defined by the so called “expanded degenerations” and the
central idea is to solve the normality property of the stable coherent sheaf with
the divisor D. Geometrically this means that the underlying curve associated
with the stable sheaf intersects with the divisor D transversally. This normality
property can also be studied by the techniques of logarithmic structures as in [1],
[28]. Using the SNC formal model of the non-archimedean analytic space X, the
normality property of stable coherent sheaves on a κ-scheme Xs with respect to a
SNCdivisor D is automatically satisfied, since the non-archimedean analytic space
X does not depends on the SNC formal model and one can do admissible formal
blow-ups along the special fiber to keep the transversality property. We prove that
the formal moduli stack of stable ideal sheaves of M is the formal completion of
the moduli stack of ideal sheaves of the stack of expanded degenerations. It is
very interesting to see if one can use non-archimedean analytic spaces to study the
degeneration formula for both Gromov-Witten and Donaldson-Thomas invariants
in [51], [52].
The second part is motivic Donaldson-Thomas theory. We outline the basic
materials and questions here, and more details can be found in §5 and in the
sections of Part II.
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Let Y be a smooth Calabi-Yau threefold. The moduli space X of stable coherent
sheaves over Y with fixed topological invariants admits a symmetric obstruction
theory [4] and the Donaldson-Thomas invariant of Y is the weighted Euler
characteristic of X weighted by the Behrend function νX [4, Theorem 4.18], which
coincides with the Donaldson-Thomas invariant of Thomas [74] by using virtual
fundamental classes. This proves that Donaldson-Thomas invariants are motivic
invariants.
The general construction of motivic Donaldson-Thomas invariants are given
by Kontsevich-Soibelman [45] for any Calabi-Yau category, and in degree zero
by Behrend-Bryan-Szendroi [5]. The key part in the motivic Donaldson-Thomas
theory is to construct a global motive, or a global vanishing cycle sheaf for X
such that taking Euler characteristic of the cohomology of such a sheaf we get
the weighted Euler characteristic of X. In a series of papers [16], [17], [18], Joyce
etc achieved this goal by using the symplectic derived schemes or stacks, since the
moduli space X can be extended naturally to a (´1)-shifted symplectic derived
scheme X in [67].
The underlying scheme X of a (´1)-shifted symplectic derived scheme X is a d-
critical locus in the sense of [42] or a virtual critical manifold in the sense of Kiem-
Li in [44] . In this paper we generalize Joyce’s definition of d-critical schemes to the
setting of formal schemes and Berkovich non-archimedean analytic spaces. This
at least gives a formal and analytic version of Joyce’s d-critical scheme structures,
and will have applications in motivic Donaldson-Thomas theory. It is hoped that
the formal and analytic d-critical schemes or non-archimedean analytic spaces will
have more applications. Similar to the case of d-critical schemes and (´1)-shifted
symplectic derived schemes, we hope that the d-critical formal schemes and d-
critical non-archimedean K-analytic spaces are the underlying schemes (spaces) of
the corresponding (´1)-shifted symplectic derived formal schemes and derived
non-archimedean analytic spaces, see the corresponding results in this direction
[55, Chapter 8], [68],[69].
We also generalize Joyce’s orientation of d-critical schemes to d-critical formal
schemes and d-critical non-archimedean analytic spaces. This provide a global
motive MF
φ
X,s of vanishing cycles for the d-critical non-archimedean analytic
spaces and d-critical formal schemes. This global motive MF
φ
X,s lies in the
localized Grothendieck ring Mκ of varieties over κ. If the d-critical non-
archimedean analytic space (X, s) admits a good Gm-action, which is circle-
compact, we generalize Maulik’s motivic localization formula for the global
motive MF
φ
X,s of (X, s) by using motivic integration for formal schemes in [64],
[38], see Theorem 1.8.
1.2. Main results of the construction of moduli spaces. We list our main results
in this section on the moduli construction.
1.2.1. Main results. Let Y be a projective scheme over κ with a polarizationOY(1).
Let us fix a Hilbert polynomial P. We first recall the construction theorem of
moduli space of (semi)-stable sheaves in [34, Theorem 4.3.4].
Theorem 1.1. There is a projective scheme M(P)which universally represents the moduli
functor M(P). Closed points in M(P) are in bijection with equivalence classes of
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semistable sheaves with Hilbert polynomial P. Moreover there is an open subset Ms(P)
that universally represents the moduli functor Ms(P) of family of stable sheaves.
We prove a similar theorem in non-archimedean analytic geometry. For the
consideration of Donaldson-Thomas theory, we only restrict to three dimensional
smooth non-archimedean K-analytic spaces, although the main result below is
true for any smooth non-archimedean K-analytic space. Let IPK(X) denote the
moduli space of analytic ideal sheaves of curves on X with Hilbert polynomial P.
The main result is:
Theorem 1.2. (Corollary 4.20) Let X be a smooth non-archimedean K-analytic space of
dimension three. Suppose that Lˆ is a Ka¨hler structure on X with respect to an SNC formal
model X of X. Let IPK(X) denote the moduli stack of analytic ideal sheaves on X with
Hilbert polynomial P such the degree of P with respect to Lˆ is bounded. Then IPK(X) is a
compact K-analytic space. Let κ has character zero. If the K-analytic space X is proper,
then IPK(X) is a proper K-analytic stack.
Remark 1.3. Here for a smooth non-archimedean K-analytic space X, “proper” means
“compact” and “no boundary”.
Our strategy to prove Theorem 1.2 is through the formal model X of X. So it
is routine to construct a formal version of the above result. Let M(P) denote the
general moduli functor of semistable coherent sheaves with Hilbert polynomial P.
Let S be a locally noetherian base scheme, and X /S a scheme locally of finite
presentation over S .
Theorem 1.4. (Theorem 3.3)(Construction of the moduli stack of semistable coherent
sheaves over locally noetherian scheme) The moduli spaceMX /S(P) of semistable sheaves
F over X with fixed Hilbert polynomial P exists and is an algebraic stack. The coarse
moduli space MX /S(P) is a scheme.
Our result for the formal moduli space is:
Theorem 1.5. (Theorem 4.11)(Construction of the moduli stack of formal semistable
sheaves over R) Let X be a stft formal R-scheme. Let T be a strictly K-affinoid space
and let
(F Ñ T, f )
be a family of K-analytic semistable coherent sheaves on Xη over T. Then up to passing
to a quasi e´tale covering of T, there exists a formal model T of T and a family of formal
semistable sheaves
(F Ñ T, fˆ )
of X over T such that when applying the generic fiber functor, we get the family (F Ñ
T, f ) back.
Here is a result about the moduli space of stable coherent sheaves on a
degeneration family. Assume that the character of κ is zero. Let X be a
quasicompact non-archimedean K-analytic space. A simple normal crossing
(SNC) formal model of X is a stft formal scheme X, such that its special fiber Xs
has only simple normal crossing divisors, and its generic fiber Xη – X. Let us fix
such a pair (X,X).
Let tDi : i P IXu be the irreducible components of Xs, and let DI := XjPIDj for
any I Ă IX. The non-archimedean K-analytic space X is independent to the SNC
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formal model X we choose, i.e., if X1 Ñ X is an admissible formal blow-up along
some DI , then X
1 – Xη – X. Using admissible formal blow-ups, we construct
a universal stack M of SNC formal models of (X,X). The stack M is a stack over
Spf(R)with generic fiber X. We also define the moduli stack IPR(M) of stable ideal
sheaves with Hilbert polynomial P to the universal stackM, see §4.3.4.
Let us fix to a simple case. Let X be a κ-scheme, and π : W Ñ A1κ be
degeneration family of X in [52] such that W0 = D1 YD12 D2. Let X Ñ Spf(R)
be the formal completion of W along the origin. Then X is a SNC formal model
of Xan. Let IPR(M) be the moduli stack of admissible ideal sheaves of curves with
Hilbert polynomial P. From [52, Theorem 4.14], let IPκ (M
alg) be the moduli stack
of stable ideal sheaves over the stackMalg of expanded degenerations with Hilbert
polynomial P. Then we have
Theorem 1.6. (Theorem 4.27)We have IPR(M) =
{IPκ (Malg), the formal completion along
the origin 0 P A1κ .
Let I
P1
κ (Di,D12) be the moduli stack of relative stable ideal sheaves in [52] to
the stack of relative expanded pairs. For a decomposition γ = (P1, P2, P12) of the
Hilbert polynomial P, we have a gluing result. See §4.3.5 for more details.
Theorem 1.7. ([52, Theorem 5.28]) Let X be a proper κ-scheme and X its t-adic formal
completion such that Xs = D1 YD12 D2. Then the moduli stack I
P
κ (Ms), after applying
the special fiber functor, has a canonical gluing isomorphism
IPκ (Ms)
„
Ñ I
P1
κ (D1,D12)ˆIP12κ (D12)
I
P1
κ (D1,D12)
of Deligne-Mumford stacks.
In character zero, every smooth non-archimedean K-space X has a SNC formal
model X. If X is proper, then Xs is proper, and we prove that the moduli stack
IPκ (Xs) is a proper stack, see Proposition 4.19. Then the moduli space I
P
K(X) is
proper since the moduli stack IPκ (Xs) is proper.
1.2.2. Outline of the proof of the main results. In §2 we review the basic materials
for the formal schemes and Berkovich analytic spaces. The moduli stack of
semistable sheaves over a locally noetherian scheme is constructed in §3. This
proves Theorem 1.4. We construct the non-archimedean analytic moduli stack of
semistable sheaves over K in §4 and prove the main results in Theorem 1.5.
1.3. Main results on motivic Donaldson-Thomas invariants. In this section
we apply the construction of formal and non-archimedean moduli space of
stable sheaves to the motivic localization formula of motivic Donaldson-Thomas
invariants.
Let (X, s) be an oriented d-critical non-archimedean K-analytic space. Let (X, s)
be a SNC formal model of X, then (X, s) is an oriented d-critical formal R-scheme.
We define the absolute motive
MF
φ
X,s =
ż
Xs
MFX,s,
where
ş
Xs
means pushforward to a point. The motive MF
φ
X,s is independent to
the choice of the SNC formal model. If X admits a good, circle-compact action of
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Gm, on each fixed strata X
Gm
i , Maulik defined the virtual index of X
Gm
i as
(1.3.1) indvirt(XGmi ,X) = dimK(Tx(X)+)´ dimK(Tx(X)´)
where Tx(X)+ and Tx(X)´ are the weight positive and negative parts of the Gm-
action on the tangent space Tx(X) for a generic point x in the strata X
Gm
i . Then we
have the following result of the motivic localization formula.
Theorem 1.8. (Theorem 7.17) Let (X, s) be a d-critical non-archimedean K-analytic
space and µ is a good, circle-compact action of Gm on X, which preserves the orientation
K
1
2
X,s. Then on each fixed strata X
Gm
i , there is an oriented d-critical K-analytic space
structure (XGmi , s
Gm
i ), hence a global motive MF
φ
XGmi ,s
Gm
i
. Moreover we have the
following motivic localization formula
MF
φ
X,s =
ÿ
iPJ
L´ ind
virt(XGmi ,X)/2dMF
φ
XGmi ,s
Gm
i
PM
µˆ
κ .
We use the techniques of motivic integration for formal schemes developed
in [64] to prove Theorem 1.8. If (X, s) is the oriented d-critical formal scheme
corresponding to the moduli space X of stable coherent sheaves over Calabi-Yau
threefold Y, and denote by MF
φ
X the global motive on X. Suppose that there is a
Gm action on the scheme X, which is good and circle compact. In this case, we get
the motivic localization formula of Maulik in [59].
Corollary 1.9. (Proposition 7.19) Let Y be a smooth Calabi-Yau threefold over κ of
character zero, and X = Mn(Y, β) the moduli scheme of stable coherent sheaves in Coh(Y)
with topological data (1, 0, β, n). Then from [18], if there exists an orientation K
1
2
X,s, there
exists a unique global motive MF
φ
X P M
µˆ
X. Moreover if X admits a good circle-compact
Gm-action which preserves the orientation K
1
2
X,s, thenż
X
MF
φ
X,s =
ÿ
iPJ
L´ ind
virt(XGmi ,X)/2d
ż
Xi
MF
φ
XGmi ,s
Gm
i
where XGm =
Ů
iPJ X
Gm
i is the fixed locus of X under the Gm-action. The notationş
X MF
φ
X,s means pushforward to a point, i.e., the absolute motive, and ind
virt(XGmi ,X)
is the virtual index on tangent space similar as in (1.3.1).
Our method to prove Corollary 1.9 is to use formal schemes. We take the t-adic
formal completion X = pX of X and its generic fiber Xη have a formal d-critical
scheme structure (X, s) and a d-critical non-archimedean analytic space structure
(Xη, s). The canonical line bundle KX,s is isomorphic to the formal completion
of the canonical line bundle KX,s where (X, s) is the d-critical scheme in [42].
Moreover, if there exists an orientation K
1
2
X,s, then K
1
2
X,s exists and there exists a
unique MF
φ
X,s P M
µˆ
X such that if X admits a good circle-compact Gm-action
which preserves the orientation K
1
2
X,s, thenż
Xs
MF
φ
X,s =
ÿ
iPJ
L´ ind
virt(XGmi ,X)/2d
ż
(XGmi )s
MF
φ
X
Gm
i ,s
Gm
i
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where XGm =
Ů
iPJ X
Gm
i is the fixed locus of X under the Gm-action. Since Xs = X,
(XGmi )s = X
Gm
i , and ind
virt(XGmi ,X) = ind
virt(XGmi ,X). Thuswe get the localization
formula in Corollary 1.9.
This motivic localization formula in Corollary 1.9 is very useful in the
calculations of refined Donaldson-Thomas invariants, for instance, in [19], the
authors use this formula to calculate the refined Donaldson-Thomas invariants
for local P2. We expect more interesting applications about this formula.
1.4. Related and future works. As we mentioned earlier, this work is motivated
by Tony Yue Yu’s study of non-archimedean enumerative geometry in [77], [78].
Motivated by the MNOP conjecture equating the Gromov-Witten and Donaldson-
Thomas invariants, it is interesting to construct a sheaf counting theory of Tony
Yu’s non-archimedean curve counting theory by using Behrend’s weighted Euler
characteristic of the moduli space of stable sheaves over smooth Calabi-Yau
threefolds.
The moduli stack Mg,n(Y) of stable maps to a Calabi-Yau threefold Y admits
a perfect obstruction theory of Li-Tian [49], and Behrend-Fantechi [6]. Hence
there is a dimensional zero virtual fundamental cycle [Mg,n(Y)]virt. In the non-
archimedean counting of stable maps as in [77], [78] (the paper [78] works on
log Calabi-Yau surfaces), the author didn’t use perfect obstruction theory to
directly define his invariants NL,β on the corresponding moduli space ML,β for
a tropical spine L in the Berkovich retraction Yan Ñ B and curve degree β,
instead he uses a restriction of the usual virtual fundamental class of a higher
dimensional stable map spaces to the moduli space ML,β. In the forthcoming
work of [69], Porta and Yu will construct a perfect obstruction theory on the
non-archimedean moduli analytic space and define the virtual fundamental cycle
directly. In [39], we will address such a problem of symmetric obstruction theory
on the non-archimedean moduli space of stable coherent sheaves. The notion
of d-critical formal schemes and d-critical non-archimedean analytic spaces will
take an important role. We will study the Kashiwara-Schapira index theorem for
non-archimedean analytic spaces, and a non-archimedean version of Behrend’s
theorem equating the Donaldson-Thomas invariants with the weighted Euler
characteristic of a canonical constructible sheaf of vanishing cycles.
1.5. Convention. Let us fix some notations. Throughout this paper, R will be a
complete discrete valuation ring R = κ[[t]], with quotient field K := C((t)), and
perfect residue field κ. We fix a uniformizing element t in R, i.e., a generator
of the maximal ideal. The field K is a non-archimedean field with valuation v
such that v(t) = 1. The absolute value | ¨ | = e´v(¨). All formal schemes over
R is stft (separate and topologically of finite type) in sense of [62], and the non-
archimedean analytic spaces over K are quasi-compact Berkovich analytic spaces
[9]. For the applications in §4.3.3 and §7.5.2, we consider the schemes and stacks
over κ = C, the field of complex numbers.
For any κ-variety X, we denote by Div(X) the abelian group of divisors of
X, and N1(X) = Div(X)/Div0(X) the divisor class group, where Div0(X) is
the group of principal divisors. An element D P N1(X) is said to be nef if the
intersection D ¨ C ě 0 for any curve C in X; ample if D is a ample divisor.
For the complete discrete valuation ring R, Rtx1, ¨ ¨ ¨ , xnu is denoted by the Tate
algebra, which is the ring of convergent formal power series over R. For a strictly
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affinoid algebra A over the non-archimedean K, we use Sp(A) to represent the
affine rigid variety; and SpB(A) the Berkovich spectrum, i.e., the space of semi-
norms ofA endowedwith Berkovich real topology. Denote byF schR the category
of stft formal schemes over R. Also denote by AnK the category of strictly K-
analytic spaces, equipped with the quasi-e´tale topology, and RigK the category of
K-rigid varieties, equipped with the Grothendieck topology.
We use Fraktur symbols X to represent R-formal schemes. We use general
symbols X to represent both κ-varieties or schemes and Berkovich non-
archimedean K-analytic spaces. In §3 the Calligraphic symbols X represent the
schemes over a locally noetherian scheme S . For a Berkovich analytic space X, we
use χ(X) to represent the Euler characteristics the e´tale cohomology of X. We use
L to represent the Lefschetz motive [A1κ ].
In Part I, we useM(P) to represent the moduli functor of (semi)-stable coherent
sheaves on algebraic schemes, formal schemes and non-archimedean analytic
spaces. While in Part II, M and Mµˆ represent the localized Grothendieck ring
and the equivariant localized Grothendieck ring.
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PART I:
2. PRELIMINARIES ON FORMAL SCHEMES AND BERKOVICH ANALYTIC SPACES
2.1. Formal schemes, rigid varieties and Berkovich analytic spaces. An adic R-
algebra A is said to be topologically finitely generated over R if A is topologically
R-isomorphic to a quotient algebra of the algebra of restricted power series
Rtx1, ¨ ¨ ¨ , xnu. The algebra Rtx1, ¨ ¨ ¨ , xnu is the Tate algebra which is the
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subalgebra of R[[x1, ¨ ¨ ¨ , xn]] consisting of the elements
ÿ
(i1,¨¨¨ ,im)PNm

ci mź
j=1
x
i j
j


such that ci Ñ 0 (with respect to the t-adic topology on K) as |i| = i1 + ¨ ¨ ¨+ im
tens to 8. Let J = tR be the ideal of definition of R, then from [24, Ch. 0. 7.5.3],
the quotient algebra has an ideal of definition JA. An stft affine formal scheme is
the formal spectrum Spf(A) for a topologically finitely generated R-algebra A.
In general, an stft formal R-scheme X is a separated formal scheme,
topologically of finite type over R, which is covered by a cover tXiu of stft
affine formal subschemes of the formal Xi = Spf(Ai) for Ai topologically finitely
generated over R. We denote its special fiber by Xs, and its generic fiber by Xη .
Xs is a κ-scheme, which in the affine case X = Spf(A), Xs = Spec(A/(J)). In
general Xs is covered by affine κ-schemes Spec(Ai/(J)). The generic fiber Xη is
a quasi-compact Berkovich non-archimedean K-analytic space in the sense of [9].
In the category of rigid varieties as in [14], Xη is a separate quasi-compact rigid
K-variety. In the case that X = Spf(A), in notations we have Xη = SpB(A)
for A = A bR K in the sense of Berkovich, and Xη = Sp(A) in the category of
rigid varieties. Like the difference between varieties and schemes, the Berkovich
spectrum will add generic points and has a real topology, and rigid varieties have
Grothendieck topologies. If there is no confusion, we will mixed-use these two
notions. For instance, ifX = Spf(Rtx1, ¨ ¨ ¨ , xnu), then the generic fiber is the closed
unit disc Dn(0, 1) in the affine space
An = SpB(K[x1, ¨ ¨ ¨ , xn]) =
ď
rě0
Dn(0, r)
where Dn(0, r) = SpB(Ktr
´1
1 x1, ¨ ¨ ¨ , r
´1
n xnu) for r = (r1, ¨ ¨ ¨ , rn). From
Berkovich’s classification theorem, there are four type of Berkovich points in An
and each point is the limit of a sequence of points } ¨ }Dn corresponding to a nested
sequence D1 Ą D2 Ą ¨ ¨ ¨ of balls of positive radius.
We fix a locally finite covering tXiuiPI of X, where Xi are affine formal
subschemes of the form Spf(Ai) and Ai is a topologically finitely generated R-
algebra. Then for any i, j P I the intersection Xij = Xi X Xj is also an affine
subscheme of the same form. The generic fiber Xij,η is a closed analytic domain
in Xi,η, and the canonical morphism Xij,η Ñ Xi,η ˆ Xj,η is a closed immersion.
From [9], we can glue Xi,η to get an analytic space Xη.
2.2. The specialization map. The special fiber Xs is a R/(J) = κ-scheme. In the
affine case X = Spf(A), Xs = Spec( rA), where rA = A/JA. The specialization map
as in [62, §2.2]
sp : Xη Ñ Xs
sends the points in the generic fibre Xη to the special fibre Xs. Let x P Xη be a
point, which corresponds to a semi-norm
x : AÑ Rě0.
Let H(x) = A/℘x , where ℘x is the kernel of x. Then the point x gives a character
map rχx : rAÑ ĆH(x) = H(x)/A˝˝,
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where A˝˝ = t f P A|| f (x)| ă 1 for all x P SpB(A)u is the maximal ideal of A.
Then the kernel of the map rχx is defined to be the image of x under sp.
Let Y Ă Xs be a closed subset, which is given by an ideal ( rf1, ¨ ¨ ¨ , rfn) for fi P A.
Then sp´1(Y) = tx P Xη|| fi(x)| ă 1, 1 ď i ď nu is open in SpB(A) = Xη. This
correspondence means that under the reduction map π, the preimage of a closed
subset is open, and similarly the preimage of an open subset is closed. This is one
of the special properties for Berkovich analytic spaces.
2.3. Formal affine critical schemes. In this section we talk about the notion
of formal affine critical schemes. Let f be a nonzero polynomial in κ[T] :=
κ[T1, ¨ ¨ ¨ , Tm]. This defines a flat morphism from A
m
κ = Spec(κ[T]) Ñ Spec(κ[t]).
Let
fˆ : XÑ Spf(R)
be the t-adic completion of the morphism f , where X = Spf(A) and A =
RtTu/( f ´ t). The algebra RtTu := RtT1, ¨ ¨ ¨ , Tmu is the algebra of convergent
power series. The formal scheme X Ñ Spf(R) is a stft formal scheme, see [62].
The special fiber Xs is a κ-scheme Spec(A/(t)), which is canonically isomorphic to
the fiber of f over 0. The generic fiber Xη = SpB(AbR K) is a Berkovich analytic
space over the field K.
Let Crit( f ) be the critical subscheme of f inside Amκ . We make a assumption
that Crit( f ) Ă Xs. Set
(2.3.1) fˆ : XˆÑ Spf(R)
to be the formal completion of X along Crit( f ). Then the special fiber Xˆs is the
subscheme Crit( f ). The generic fiber Xˆη = sp´1(Crit( f )) is a subanalytic space of
Xη.
Definition 2.1. Let f be a polynomial function on κ[T1, ¨ ¨ ¨ , Tn]. We call the formal
scheme in (2.3.1) the formal critical scheme associated with f .
Definition 2.2. ([62]) Let Y Ă Xs be a closed subscheme, the analyticMilnor fiber FY ( f )
of f is defined as
FY ( f ) = sp
´1(Y)
For any x P Xs, Fx := Fx( f ) is called the analytic Milnor fiber of f at x.
2.4. Sheaf of vanishing cycles. We recall the vanishing functor for schemes in
[32], which is reviewed in [10, §5]. Let S = Spec(R) be the spectrum of R.
The scheme S consists of the closed point s = Spec(κ) and the generic point
η = Spec(K). The field K is quasi-complete ([9, §2.4]) and the valuation on
Kextends uniquely to the separable closure Ks, and so the integral closure of R
in Ks coincides with Rs, the ring of integers of Ks. Set S = Spec(Rs) = ts, ηu. Let
X be a scheme over S, and let Xsand Xη (resp. Xs and Xη) be the closed and the
generic fibers of X (resp. X = XˆS S). We have a canonical diagram:
Xη
  j // X Xs
ioo
Xη
OO
  j // X
OO
Xs
OO
ioo
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The nearby cycles functor is given by Ψη(F ) = i
˚
(j˚F ), whereF is the pullback of
a sheaf F on Xη to Xη . The functor Ψη takes values in the category of e´tale sheaves
on Xs that are endowed with a continuous action of Gη = G(K
s/K) compatible
with the action of G(κs/κ) on Xs.
Let F sch be the category of stft formal R-schemes. Let X P F sch be a formal
R-scheme. For n ě 1, denote the scheme (X,OX/t
nOX) by Xn. A morphism of
formal schemes over R, φ : Y Ñ X is said to be e´tale if for all n ě 1, the induced
morphisms of schemes φn : Yn Ñ Xn are e´tale.
Let φ : YÑ X be a morphism of formal schemes. Then it induces the morphism
between the generic and central fibres, i.e. φη : Yη Ñ Xη and φs : Ys Ñ Xs, where
φη is a morphism of Berkovich analytic spaces and φs is a morphism of schemes.
Here are two known results from [10] which are needed to construct vanishing
cycles.
Lemma 2.3. ([10, Lemma 2.1]) The correspondence Y ÞÑ Ys gives an equivalence
between the category of formal schemes e´tale over X and the category of schemes e´tale
over Xs.
Lemma 2.4. ([10, Lemma 2.2]) Let φ : YÑ X be an e´tale morphism of formal schemes.
Then
φη(Yη) = sp
´1(φs(Ys)).
The e´tale morphim between K-analytic spaces can be similarly defined, see
[10, §2]. Denote by Xηe´t the e´tale site of Xη, which is the site induced from the
Grothendieck topology of all e´tale morphisms of K-analytic spaces. Let X„ηe´t be
the category of sheaves of sets on the e´tale site Xηe´t .
For two Berkovich K-analytic spaces Xη and Yη . A morphism ψ : Yη Ñ Xη
is called “quasi-e´tale” if for every point y P Yη there exist affinoid domains
Vη,1, ¨ ¨ ¨ ,Vη,n Ă Yη such that the union Vη,1 Y ¨ ¨ ¨ Y Vη,n is a neighbourhood of
y and each Vη,i is identified with an affinoid domain in a K-analytic space e´tale
over Xη.
A basic fact from [10, Proposition 2.3] is that an e´tale morphism φ : Y Ñ X of
formal schemes induces a quasi-e´tale morphism φη : Yη Ñ Xη over the generic
fibres. Denote by Xηqe´t the quasi-e´tale site of Xη, which is the site induced from
the Grothendieck topology of all quasi-e´tale morphisms of K-analytic spaces. Let
X„ηqe´t be the category of sheaves of sets on the quasi-e´tale site Xηqe´t . There exists a
natural morphism of sites
(2.4.1) µ : X„ηqe´t Ñ X
„
ηe´t
,
which is understood as the pullback.
Let Ys ÞÑ Y be the functor obtained from inverting the functor in Lemma 2.3.
Then from Lemma 2.4 and the fact that e´tale morphisms on formal schemes induce
quasi-e´tale morphisms on generic fibres, the composition of the functors Ys ÞÑ Y
andY ÞÑ Yη gives a morphism of sites
(2.4.2) ν : Xη,qe´t Ñ Xs,e´t.
Let
(2.4.3) Θ = ν˚µ
˚ : X„ηe´t Ñ X
„
ηqe´t
Ñ X„se´t
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be the functor obtained from composition. Let F be an e´tale abelian torsion sheaf
over Xη. Let Xη = Xη bK
s, and F the pullback of F to Xη. Then define the nearby
cycle functor Ψη by
Definition 2.5. The nearby cycle functor is defined as
Ψη(F) = ΘxKs(F).
The vanishing cycle functor Φη is defined to be the cone
cone[F Ñ Ψη(F)].
Let x P Xs be a point and Ql be an e´tale abelian sheaf. Then the stalk
RiΨη(Ql)x – H
i
e´t(Fx,Ql)
is isomorphic to the e´tale cohomology Hie´t(Fx,Ql) of the analytic Milnor fibre Fx.
The stalk of the vanishing cycle
RiΦη(Ql)x – rHie´t(Fx,Ql)
is isomorphic to the reduced e´tale cohomology rHie´t(Fx,Ql) of the analytic Milnor
fibre Fx.
2.5. Berkovich comparison Theorem. Let Fˆ be the corresponding e´tale abelian
sheaf on Xη.
Proposition 2.6. ([10, Theorem 5.1]) There exists an isomorphism for an e´tale abelian
torsion sheaf F over Xη :
i˚(Rq j˚(F)) – R
q(Ψη(Fˆ)).
Let Fˆ be an e´tale abelian constructible sheaf over the analytic Milnor fibre Fx,
and H
q
e´t(Fx, Fˆ) the e´tale cohomology of Fx.
Proposition 2.7. ([36]) Let f be a regular function in A = κ[x1, ¨ ¨ ¨ , xn] and let Fx
be the topological Milnor fibre of f at x. Suppose that the formal scheme X is the t-adic
completion of the morphism f : Spec(A)Ñ Spec(κ[t]). Then
Hi(Fx, κ) – H
i(Fx,Zl)b κ.
This isomorphism is compatible with the monodromy action.
2.6. Formal model of non-archimedean analytic spaces.
Definition 2.8. Let X be a stft quasi-compact non-archimedean K-analytic space. A
formal model X of X consists of a stft formal scheme X over R such that the generic fiber
Xη is isomorphic to X.
We recall the simple normal crossing (SNC for short) formal schemes.
Definition 2.9. A stft formal scheme X is SNC if:
(1) Every point of X has an open affine neighborhood U such that UÑ Spf(R) factors
through an e´tale morphism
φ : UÑ Spf(Rtx0, ¨ ¨ ¨ , xn, x
´1
d+1, ¨ ¨ ¨ , x
´1
n /(x
m0
0 ¨ ¨ ¨ x
md
d ´̟))
where (m0, ¨ ¨ ¨ ,md) P Z
d+1
ą0 . We assume that any mi does not equal to the
characteristic of κ.
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(2) All the intersections of the irreducible components of the special fiber Xs are either
empty or geometrically irreducible.
Let X be a stft quasi-compact non-archimedean K-analytic space and let X be a
SNC formal model of X. If the characteristic Ch(κ) = 0, then Temkin [72] shows
that the SNC formal model X always exists by resolution of singularities. Let
tDi|i P IXu
denote the set of irreducible components of Xreds with the reduced scheme
structure. For any I Ă IX, let DI = XiPIDi. We denote by mi the multiplicity
of Di in Xs.
We recall the Clemens polytope SX for the formal scheme X.
Definition 2.10. The Clemens polytope SX for a SNC formal schemeX is the simplicial
subcomplex of the simplex ∆IX such that for every non-empty subset I Ă IX, the simplex
∆I is a face of SX if and only if DI is non-empty.
From [12], there is a deformation retraction map
τ : Xη Ñ SX.
According to [78], this retraction map corresponds to the Gross fibration and is the
non-archimedean version of the SYZ-fibration.
Definition 2.11. A simple function ϕ on the Clemens polytope SX is a real valued
function that tis affine on every simplicial face of SX. For i P IX, let ϕ(i) be the value of ϕ
at the vertex i.
LetDiv0(X)R be the vector space of R-divisors onX, which is, by definition, the Cartier
divisors onX supported onXs. Div0(X)R has the dimension of |IX|. The effective divisors
D on X can be similarly defined and is locally given by a function u. The valuation
val(u(x)) defines a continuous function on Xη which we denote it by ϕ0D. Then
D ÞÑ ϕ0D
extends by linearity to a map fromDiv0(X)R to the space of continuous functions C
0(Xη)
on Xη . Hence we get a map
(2.6.1) τ : Xη Ñ Div0(X)
˚
R
by xτ(x),Dy = ϕ0D(x).
Proposition 2.12. ([77, Proposition 2.7]) The map τ defined in (2.6.1) has the following
properties:
(1) The image of τ concides with SX;
(2) For any D =
ř
i aiDi P Div0(X)R, there exists a unique ϕD on SX such that
ϕ0D = ϕD ˝ τ.
Remark 2.13. The Clemens polytope SX is the tropicalization of the K-analytic space X,
and it satisfies some functoriality property as in [77, Proposition 2.9].
3. CONSTRUCTION OF MODULI OF (SEMI)-STABLE SHEAVES OVER LOCALLY
NOETHERIAN SCHEMES
Let S be a locally noetherian base scheme. We define the moduli space of
semistable sheaves MX (P) on the scheme X locally of finite presentation over
S . We construct the moduli stack of semistable sheaves over a general scheme
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locally of finite presentation over a locally noetherian scheme S . This will be used
to construct K-analytic semistable sheaves over a K-analytic space X.
We fix S to be a locally noetherian scheme. LetS chS be the category of schemes
over S .
Definition 3.1. Let X /S be a projective scheme over S , and OX (1) be the Serre line
bundle. Fix a Hilbert polynomial P P Q[z], define the functor
MS (P)(X ) : (S chS )Ñ Sets
such that
tT Ñ Su ÞÑ
!
flat T -family of semistable sheaves FÑT ,
on X with Hilbert polynomial P
)
/ „
where the equivalent relation „ is given by:
F „ F 1,F ,F 1 PM(T )ô F – F 1 b p‹(L), L P Pic(T )
where p : F Ñ T is the family the semistable sheaves.
Remark 3.2. We recall the semistability of coherent sheaves here. The sheaf F over X /S
is (semi)-stable if F is pure and any proper subsheaf F 1 Ă F implies that P(F 1) ă (ď
)P(F ).
A morphism of families of semistable sheaves
(F
p
Ñ T )Ñ (F 1
q
Ñ T )
is given by a commutative diagram:
F //

F 1

T
f // T 1
such that F = f ‹(F 1).
Then MS (P)(X ) is a category of semistable sheaves over X /S fibered by
groupoids over S chS .
Theorem 3.3. Let X be a scheme locally of finite presentation over a locally noetherian
scheme S . Then the functorMS (P)(X ) is an algebraic stack locally of finite presentation
over S .
The proof of Theorem 3.3 is based on checking the conditions (1), (2), (3), (4)
in Theorem 5.3 of [2]. We list them as lemmas. First from Tag07WP in the stack
project [75],
Lemma 3.4. Let T1, T2, T , T
1 be spectra of local Artinian rings of finite type over S .
Assume that T Ñ T1 is a closed immersion and that
T //

T1

T2 // T
1 = T1 YT T2
is a pushout diagram in S chS , then the functor of fiber categories
MS (P)(T
1)
„
ÑMS (P)(T1)ˆMS(P)(T ) MS (P)(T2)
is an equivalence of groupoids.
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Proof. The pushout property here follows from this property for quasi-coherent
sheaves, see Tag 08LQ and Tag08IW in [75]. 
The condition (2) in [2, Theorem 5.3] is the limit preserving property:
Lemma 3.5. Let Aˆ be a complete local algebra over S , with maximal ideal m, and the
residue field is finite type over S . Then the canonical map
MS (P)(Aˆ)Ñ limÐÝ
l
MS (P)(Aˆ/m
l)
is an equivalence of groupoids.
Proof. Let tF (l)
f (l)
Ñ Spec Aˆ/mlu be a formal object on the right hand side, then
the Grothendieck Existence Theorem for formal schemes tells us that there exists
a formal object
tFˆ
fˆ
Ñ Spec Aˆu
on the left hand side. Hencewe only need to show that tFˆ
fˆ
Ñ Spec Aˆu is semistable
over Aˆ. This is from the fact that the semistability condition is a closed condition
on the base scheme T and the full faithfulness of the functor by Grothendieck’s
existence theorem. 
All the other conditions in [2, Theorem 5.3] are deformation and obstructions.
Lemma 3.6. Let A be an S-algebra, and Ab n the trivial thickening of A. In the scheme
level this corresponds to the sheaf of rings Spec(Ab n). Let
X = (F Ñ Spec A) PMS (P)(SpecA).
Then
(1) The module of infinitesimal automorphisms is AutX (n);
(2) The module of infinitesimal deformations is DefX (n) = Ext
1
OXˆA
(E , E b n),
where E is a sheaf on X ˆ Spec A;
(3) The module oX (n)of obstructions is given by Ext
2
OXˆA
(E , E b n).
Proof. This is the standard results in deformation-obstruction theory of coherent
sheaves as in [74]. 
This lemma verifies Condition (3) and the last part of (1) of Theorem 5.3 of [2].
We are left to check Condition (4), which is the “local quasi-separation” property.
Let x := tF
f
Ñ T u be an element in MS (P)(T ) and φ an automorphism of x.
Suppose that φ induces the identity on MS (P)(T ) for a dense set of points t P T
of finite type, then φ is the identity ona dense set of points of finite type on F .
Hence φmust be the identity on the whole space since F Ñ T is flat and separate
over T . So from [2, Theorem 5.3], the categoryMS (P) is an algebraic stack locally
of finite presentation over S . This finishes the proof of Theorem 3.3.
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4. THE MODULI STACK OF NON-ARCHIMEDEAN (SEMI)-STABLE SHEAVES
4.1. The construction. We construct the moduli stack of formal semistable
coherent sheaves and the moduli stack of non-archimedean analytic semistable
sheaves. We first recall the definition of formal stacks locally of finite type over R,
and the definition of strictly K-analytic stacks.
Definition 4.1. A formal stack X locally of finite type over R is a stack fibered by
groupoids over the site F schR, such that the diagonal morphism X Ñ X ˆR X is
representable and there exists a formal scheme U locally of finite type over R and a smooth
effective epimorphism UÑ X.
Definition 4.2. A strictly K-analytic stack X is a stack fibered by groupoids over the
siteAnK, such that the diagonal morphism X Ñ XˆK X is representable and there exists
a strictly K-analytic space U and a quasi-smooth effective epimorphism U Ñ X. We say
that a strictly K-analytic stack X si compact we there is a covering tUiu by compact
strictly K-analytic spaces.
Definition 4.3. Let X,T(X, T) be stft formal schemes over R (resp. non-archimedean
K-analytic spaces). A family of formal (resp. K-analytic) semistable sheaves
(F
fˆ
Ñ T) (resp.(F
f
Ñ T))
of X (resp.X) is a morphism fˆ : F Ñ T ( f : F Ñ T) such that it is semistable with
respect to the Hilbert polynomial P.
Remark 4.4. For a fixed Hilbert polynomial P and a non-archimedean analytic space X,
we use the e´tale sheaf cohomology Hi(X,F ) in [9] for the Berkovich space X to define
P(F ).
We take into account the analytification functor (¨)an, the special fiber functor
(¨)s, and the generic fiber functor (¨)η for a formal scheme in the definitions above.
We have:
Lemma 4.5. Let X be an algebraic variety over the non-archimedean field K, and A be a
strictly K-affinoid algebra. Let (F
f
Ñ Spec A) be a family of semistable coherent sheaves
of X over Spec A. The the analytic triple (Fan
f an
ÝÑ SpB(A)) obtained by the relative
analytification functor (¨)an is a family of non-archimedean K-analytic semistable sheaves
of Xan over SpB(A).
Proof. This is true since a geometric point of the non-archimedean K-analytic
spectrum SpB(A) is a geometric point of Spec A. 
Lemma 4.6. Let X,T be stft formal schemes over R. Let (F
fˆ
ÝÑ T) be a family of formal
semistable sheaves of X over T. Then applying the special fiber functor (¨)s we get a family
of semistable sheaves (Fs
fs
ÝÑ Ts) of Xs over Ts.
Proof. A geometric point of the scheme Ts is in particular a geometric point of the
formal scheme T. 
Lemma 4.7. Let X,T be stft formal schemes over R. Let (F
fˆ
ÝÑ T) be a family of formal
semistable sheaves ofX over T. Then applying the generic fiber functor (¨)η we get a family
of semistable K-analytic coherent sheaves (Fη
fη
ÝÑ Tη) of Xη over Tη.
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Proof. A geometric point of the scheme Tη is given by a morphism
SpB(K
1)Ñ Tη
for some algebraically closed non-archimedean field K1. Let R1 be the ring of
integers of K1 and let T1 = Spf(R1). Let
i1 : T1 Ñ T
be the morphism given by R1, and let
(F 1
f 1
ÝÑ T1) = (i1)‹((F
fˆ
ÝÑ T))
be the pullback of the family over T. By flatness it suffices to show that the family
of K-analytic coherent sheaves (F 1η
f 1η
ÝÑ T1η) by applying the generic fiber functor
(¨)η to (i1)‹((F
fˆ
ÝÑ T)) is semistable. Let (F 1s
f 1sÝÑ T1s) be the object by applying
the special fiber functor (¨)s. Then it is a semistable sheaf over T1s. Consider the
reduction maps:
F 1η
sp //

F 1s

T1η
sp // T1s
Then by the relative GAGA,
Hi(X,F ) – Hi(Xs,Fs)
ˆbκ R
and
Hi(Xη,Fη) – H
i(X,F )bR K.
The family on Xs is semistable, so does Xη. 
We then prove some global results on the moduli spaces, parallel to the
definitions and lemmas above.
Let X be an stft formal R-scheme and let MR(P)(X) be the moduli stack
of semistable formal sheaves over X with Hilbert polynomial P. We denote
by MK(P)(X) the moduli stack of K-analytic semistable coherent sheaves with
Hilbert polynomial P. Let ̟ be a uniformizer of the field K, and let
Sm = Spec(R/̟
m+1)
Proposition 4.8. Suppose that X is a stft formal R-scheme. Let
Xm = XˆR Sm
Then we have
lim
ÝÑ
m
MSm(P)(Xm/Sm)
„
ÑMR(P)(X),
where both stacks are over the site F schR. Hence there is a natural isomorphism
(MR(P)(X))s
„
ÑMκ(P)(Xs)
where (¨)s denote the special fiber functor.
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Proof. Since Sm is a locally noetherian scheme, from Theorem 3.3
MSm(P)(Xm/Sm) is an algebraic stack locally finite presented over Sm. If
T P F schR is a formal scheme, and let Tm = TˆR Sm. From the definition of the
limit lim
ÝÑm
MSm(P)(Xm/Sm), a morphism
TÑ lim
ÝÑ
m
MSm(P)(Xm/Sm)
is given by a compatible sequence of morphisms
tm : Tm ÑMSm(P)(Xm/Sm)
such that
tm = tm+1 ˆSm+1 Sm.
So we have a family of formal semistable coherent sheaves F Ñ T and hence a
morphism TÑMR(P)(X). The result follows. 
The following result is an analogue of Theorem 8.7 in [77]. If a K-analytic
space X is the analytification of a proper algebraic variety over K, then the
representability of the moduli stack is given by the non-archimedean analytic
GAGA.
Theorem 4.9. Let X be a proper algebraic variety over K. There exists a natural
isomorphism of stacks
(MK(P)(X))
an –Mk(P)(X
an)
where (¨)an is the analytification functor. So Mk(P)(X
an) is an analytic stack.
Proof. Let T = SpB(A) be the Berkovich spectrum for a strictly K-affinoid algebra
A. A morphism
T Ñ (MK(P)(X))
an
gives rise to a family of semistable sheaves
(4.1.1) FÑ Spec(A)
over Spec(A). From Lemma 4.5 the analytification of (4.1.1) gives a family of K-
analytic semistable coherent sheaves F Ñ SpB(A). So we get a morphism:
T ÑMK(P)(X
an).
The construction is functorial, hence we have a natural morphism
(MK(P)(X))
an ÑMK(P)(X
an).
We show that the functor
(MK(P)(X))
an(T)
„
ÝÑMK(P)(X
an(T))
is equivalent as categories fiber by groupoids over AnK. It is faithful (easily
from the construction). To prove the surjectivity, let (F
f
ÝÑ Xan) be a family of
semistable K-analytic coherent sheaves of Xan over T. Let
XanT = X
an ˆK T.
Then by the K-analytic GAGA [21], [22], we have F Ñ T is the analytification of
an algebraic family of semistable coherent sheaves over Spec(A). So the functor is
surjective. The fullness of the functor is also by the GAGA theorem. 
The following result implies that one can globally take the generic fiber for
moduli stack of formal coherent sheaves.
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Theorem 4.10. Let X be a stft formal R-scheme. There is a natural morphism of stacks
over the category AnK of non-archimedean K-analytic spaces:
(MR(P)(X))η –MK(P)(Xη),
where (¨)η denotes the generic fiber functor. The stackMK(P)(Xη) is a K-analytic stack.
In order to prove Theorem 4.10, the existence of the formal model of K-analytic
semistable sheaves is essential.
Theorem 4.11. Let X be a stft formal scheme over R. Let T be a strictly K-affinoid space
and let
(F
f
ÝÑ T)
be a family of K-analytic semistable sheaves of Xη over T. Then up to passing to a quasi-
e´tale covering of T, there exists a formal model T of T and a family of formal semistable
sheaves
(F
fˆ
ÝÑ T)
ofX over T such that when applying the generic fiber functor we get the family (F
f
ÝÑ T)
back.
Proof. From [15], for (F
f
ÝÑ T), there is a formal model
(F
fˆ
ÝÑ T)
of (F
f
ÝÑ T) such that it is flat family of formal coherent sheaves. Parallel to the
stable curve case in [77] using De Jong’s method of alterations, we need to modify
the formal model (F
fˆ
ÝÑ T) so that it bocomes semistable.
First let A be a topological algebra finitely presented over R such that T =
Spf(A). Let
Talg = Spec(A).
Since (F
fˆ
ÝÑ T) is a flat family of coherent sheaves over T, by formal GAGA by
Grothendieck and Conrad [21], (F
fˆ
ÝÑ T) is isomorphic to the completion of a
family of algebraic coherent sheaves
(F alg
f alg
ÝÑ Talg)
along the special fiber of T. Then since the semistability of sheaves is an open
condition [46], there must exists an open locus T, which is equivalent to an e´tale
covering T1alg of Talg such that
F |T1 Ñ T
1alg
is a semistable family. Then we take the completion
{F |T1alg ˆR K Ñ yT1alg ˆR K
along the special fiber over κ. Then we get the desired semistable family of K-
analytic coherent sheaves. 
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4.2. Proof of Theorem 4.10. First if we have an affine stft formal scheme T over R,
then a morphism
TÑMR(P)(X)
gives rise to a family of formal semistable coherent sheaves of X over T. By
Lemma 4.7, when applying the generic fiber functor we get a family of K-analytic
semistable coherent sheaves. Hence we have a morphism
(MR(P)(X))η ÑMK(P)(Xη).
We prove that the functor
Φ : (MR(P)(X))η(T)
„
ÑMK(P)(Xη)(T)
is an equivalence of groupoids for any strictly K-affinoid space T.
By construction, the functor is faithful. We prove that the functor Φ is full.
Suppose that we have two families
(F1
fˆ1
ÝÑ T1); (F2
fˆ2
ÝÑ T2)
of formal semistable sheaves of X over T1 and T2, respectively. Assume that we
have an isomorphism of K-analytic semistable sheaves
((F1)η
( fˆ1)η
ÝÑ (T1)η); ((F2)η
( fˆ2)η
ÝÑ (T2)η)
when passing to the generic fiber we have the following commutative diagram:
(F1)η
„ //
( fˆ1)η

(F2)η
( fˆ2)η

(T1)η
„ // (T2)η.
From [64, Proposition 2.19], up to replacing T1 and T2 by admissible blow-ups, we
can assume that T1 – T2, which we denote it by T12. As in the proof of Theorem
4.11, up to passing to the Zariski open covering of T12, the formal GAGA implies
that
(F1
fˆ1
ÝÑ T1)
and
(F2
fˆ2
ÝÑ T2)
come from completions of algebraic coherent families
(F alg1
f
alg
1ÝÑ T
alg
1 )
and
(F alg2
f
alg
2ÝÑ T
alg
2 ).
Up to the quasi-e´tale covering of T
alg
12 , we can make them semistable. Let
Isom := Isom
T
alg
12
((F alg1
( f
alg
1ÝÑ T
alg
12), (F
alg
2
( f
alg
2ÝÑ T
alg
12))
be the isomorphism scheme parameterizing isomorphisms of these two algebraic
families. We have a morphism
tI : T
alg
12 ˆR K Ñ Isom
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given by the isomorphism over the generic fibers. Let pTalg12 be the image of tI , and
let pT := ppTalg12 be the completion of pTalg12 along the special fiber over κ. Then the
isomorphism
((F1)η
( fˆ1)η
ÝÑ (T1)η)
„
Ñ ((F2)η
( fˆ2)η
ÝÑ (T2)η)
is extended over pT12 and we are done the fullness of the functor Φ.
The surjectivity of Φ is given by the following argument. Let
t : T ÑMK(P)(Xη)
be a morphism, which gives a family of K-analytic semistable coherent sheaves
of Xη over T. By Theorem 4.11, up to quasi-e´tale covering T
1 Ñ T, there exists a
formal scheme T1 and a family of formal semistable coherent sheaves
(F 1
fˆ 1
ÝÑ T1)
of X over T1. Applying the generic fiber functor to above we get the family (F Ñ
T) back. So we obtain morphisms
t1 ÑMR(P)(X)
and
T1 Ñ (MR(P)(X))η.
Using the proof of fullness the morphism T1 Ñ (MR(P)(X))η descends to a
morphism T Ñ (MR(P)(X))η, which gives the morphism T Ñ MR(P)(Xη). So
Φ is an equivalence of groupoids. The theorem follows.
4.3. The compactness property.
4.3.1. Ka¨hler structure on non-archimedean analytic spaces. In the case of the curve
counting via stable maps in Gromov-Witten theory, or the sheaf counting in a
Calabi-Yau threefoldY in Donaldson-Thomas theory, the degree β of the curve is a
second homology class H2(Y,Z). In order to make this work in non-archimedean
geometry, we make use of the Ka¨hler structure of Tschinkel-Kontsevich for the
K-analytic space X, as reviewed in [77, §3].
We review the most useful part of [77]. For a K-analytic space X with X a SNC
formal model of X. Let SimX be the sheaf on SX such that for any open subset U
of SX, SimX(U) is the set of simple functions of SX restricted to U.
Definition 4.12. For I Ă IX, let N
1(DI)R = N
1(DI)bR, where DI = XiPIDi. Let
∆I be a face of SX. Let ϕ be a simple function on SX, define
BIϕ =
ÿ
iPIX
mi ¨ ϕ(i) ¨ [Di]|DI P N
1(DI)R
where [Di] is the class of the divisor Di.
Definition 4.13. A simple function ϕ is said to be linear (resp. convex, strictly convex)
along the open simplicial face (∆I)0 corresponding to I if BIϕ is trivial (resp. nef, ample)
in N1(DI)R.
Let LinLoc(ϕ) (resp. ConvLoc(ϕ), SConvLoc(ϕ)) b the union of the open simplicial
faces in SX along which ϕ is linear (resp. convex, strictly convex).
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As in [77], let LinX (resp. ConvX, SConvX) the subsheaf of SimX whose germs are
germs of linear (resp. convex, strictly convex) functions. The sheaf LinX acts on the
sheaf SimX (resp. ConvX, SConvX) via:
ψ ÞÑ (ϕ ÞÑ ϕ+ ψ)
whereψ is a local section ofLinX and ϕ is a local section of SimX (resp. ConvX, SConvX).
Definition 4.14. A virtual line bundle L on a non-archimedean K-analytic space X with
respect to the formal model X is a torsor over the sheaf LinX. A simple (resp. convex,
strictly convex) metrixation pL of a virtual line bundle L is a global section of the sheaf
SimXbL (resp. ConvXbL, SConvXbL), where the tensor product is taken over the
sheaf LinX.
Definition 4.15. A Kh¨ler structure pL on X with respect to the formal model X is a virtual
line bundle L over X with a strictly convex metrization pL.
For each i P IX, a simple metrization pL gives a germ of a simple function ϕi at
the vertex i up to addition by linear functions. We get a collection of numerical
classes
Biϕi P N
1(Di)R
for i P IX. The collection of classes Biϕi P N
1(Di)R for every i P IX is called the
curvature c(pL) of the metrized virtual line bundle pL. The curvature c(pL) satisfies
the property ([77, Lemma 3.6]): for any ∆I , I Ă IX, and i, j P I,
(Biϕi)|DI = (Bjϕj)|DI .
Tony Yu also proves some functoriality preperty of the curvature:
Proposition 4.16. ([77, Proposition 4.3]) Let fˆ : XÑ Y be a morphism of SNC formal
schemes over R. Let L be a virtual line bundle overYη and pL a metrization of L. Then we
have
fˆ ‹s c(pL) = c( fˆ ‹(pL)).
4.3.2. Degree of the virtual line bundle on curves. In this section we define the degree
of virtual line bundle on curves. Let X be a smooth connected proper K-analytic
curve. Let X be its formal model, then the Clemens polytope SX is a finite
connected simple graph, see [8, §4]. Although the K-analytic curve X is smooth,
the singularities in the formal model (only double point singularities) correspond
to the Type II Berkovich points in X. In [3], Baker, Payne, and Rabinoff prove a
theorem which states that the semistable vertex sets of X are in natural bijective
correspondence with semistable models of X, where the semistable vertex sets of
X are a finite Type II Berkovich points in X.
Let us fix an order of the set IX. For i, j P IX, we say i ă j if i, j are connected
by an edge and i is inferior to j with respect to the fixed order. For i P IX, let Ui be
the open neighborhood, which is the union of the vertex i and all the open edges
whose closure contain i. If eij is an edge, then Ui XUj is the interior of eij. As in
[77, §5], using Cˇech cohomology of the open cover tUiu, Tony Yu proves a degree
map
(4.3.1) deg : H1(LinX)
„
Ñ R
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and the degree of a virtual line bundle L is defined by (4.3.1) since L P H1(LinX).
Also the degree deg(c(pL)) is the curvature c(pL) is given by:
deg(c(pL)) = ÿ
iPIX
mi ¨ deg(Biϕi).
4.3.3. Moduli of analytic curve counting via ideal sheaves. For the counting sheaf
theory, we fix our K-analytic space X to be three dimensional over K. For instance,
let X be a smooth Calabi-Yau threefold over κ, then the analytification Xan of X is
a smooth three-dimensional K-analytic space. Let X be a SNC formal model of X.
Let P be the Hilber polynomial determined by the Chern character
c = (1, 0, β, n) P H˚(X,Z).
We fix a Ka¨hler structure pL on X with respect to a SNC formal model X. In
this section we mainly consider the ideal sheaves IC of a connected proper smooth
K-analytic curve C, which is surely stable.
Definition 4.17. The degree of the curve C in X is defined as follows. Let C be a SNC
formal model of C and C Ă X such that IC is the ideal sheaf of C in OX. Then L|C is a
virtual line bundle on C with respect to the formal model C. Define
deg(IC) = deg(L|C).
Remark 4.18. The degree of the ideal sheaf of the curve C does not depend on the choice
of the formal model C, since any two of them can be dominated by another one. If the K-
analytic curve C is not smooth but with ordinary double points, we define the degree of C
to be the sum of the degrees of the connected components after taking normalization.
We fix a Hilbert polynomial P. Let IPK(X) be the moduli stack of K-analytic
ideal sheaves over X with Hilbert polynomial P. Similarly let IPR(X) and I
P
κ (Xs)
be the moduli stack of stable formal ideal sheaves over Xwith Hilbert polynomial
P and algebraic ideal sheaves over Xs with Hilbert polynomial P. In this section
we prove a result that ideal sheaves (or more general stable coherent systems as
in [52]) on a proper K-analytic space X, after a choice of SNC formal model X of
X, the sheaf when restricted to the special fiber Xs, will induces a stable sheaf on
the SNC divisors of Xs. Hence we deduce a decomposition result for the moduli
space. From Theorem 4.10 and Proposition 4.8
IPR(X)η – I
P
K(X)
IPK(X)s – I
P
κ (Xs).
Proposition 4.19. If the formal scheme X is proper and Xs has only simple normal
crossing divisors, then the moduli stack IPκ (Xs) is proper.
Proof. Still let tDi|i P IXu be the smooth irreducible components of Xs. Then every
ideal sheaf IZ of a curve Z Ă Xs with Hilbert polynomial P admits a splitting of P,
which is the set of
γ = tPI |I Ă IXu
such that
P =
ÿ
IĂIX
(´1)|I|´1PI.
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Thus there is a closed embedding of the moduli stacks
IPκ (Xs)Ñ
ď
γ
ą
tPIu
I
PI
K
(DI)
which sends an ideal IZ to its corresponding restriction on DI . Since every DI
is smooth and proper, the moduli stack I
PI
K
(DI) is proper. Hence we get the
properness of IPκ (Xs). 
Corollary 4.20. Assume that Ch(κ) = 0. Let X be a proper K-analytic space, then the
moduli stack IPK(X)is a proper K-anaytic stack.
Proof. Let X be the SNC formal model of X. Then X is proper if and only if the
K-analytic space X is proper [73, Corollary 4.4]. From Proposition 4.19 the moduli
stack IPκ (Xs) is proper as an algebraic moduli stack. The result hence follows from
Proposition 4.8 and Theorem 4.10. 
4.3.4. Universal stack of SNC formal models. Let X be a smooth non-archimedean
K-analytic space, and fix a SNC formal model X of X. First let us recall a result in
[64, Proposition 2.19].
Proposition 4.21. LetX1 Ñ X be an admissible formal blow-up with center an admissible
ideal I. Then
X1η – Xη
as rigid varieties and Berkovich analytic spaces.
We define a universal stack M := M(X,X) of SNC formal models of (X,X).
Recall IX is the number of irreducible components of Xs. For I Ă IX a subset, we
let
Ip := tthe first (|I| ´ 1) elements in Iu
and
Dp :=
č
iPIp
Di.
Using I Ă IX, we construct the admissible blow-ups XI [n] Ñ X for any positive
integer n by induction. Let XI [0] = X, and π1 : XI [1] Ñ X be the admissible
formal blow-up along DI . Let ∆I be the exceptional locus of π1, which is a
projective bundle over DI , and let DI[1] := DIp X ∆I . Then DI [1] has the same
singular type as DI. Let π2 : XI [2] Ñ XI [1] be the admissible formal blow-up
along DI [1]. Suppose that we have πn´1 : XI [n´ 1] Ñ XI [n ´ 2]. Let ∆I [n ´ 2]
be the exceptional locus of πn´1, and let DI[n ´ 1] = ∆I [n ´ 2] X DIp . Then let
πn : XI [n]Ñ XI [n´ 1] be the admissible formal blow-up along DI [n´ 1].
Now we use XI [n] to construct the universal stack of SNC formal models. Let
ξ : S Ñ Spf(R) be a formal R-scheme. An effective formal scheme over S is a
family
W := XI [n]ˆR S
for some I Ă IX over S and a tautological projectionWÑ XˆR S. We denote by
ξ this effective family. Let ξ1 : S1 Ñ Spf(R) and ξ2 : S2 Ñ Spf(R) be two effective
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families. Then an arrow r : ξ1 Ñ ξ2 is given by
S1
r //
ξ1 ##●
●●
●●
●●
●
S2
ξ2{{✇✇✇
✇✇
✇✇
✇✇
sp f (R)
such that ξ‹1XI [n1] – r
‹ξ‹2XI [n2]. We denote by r this isomorphism. We say two
effective formal familiesW1 andW2 overS are isomorphic ifW1 isS-isomorphic
to W2 by r and they are compatible with respect to the projections to XˆR S. We
define the universal stackM of SNC formal models of (X,X).
Definition 4.22. LetS be a formal R-scheme. A universal SNC formal scheme overS is
a pair (W, ρ), such thatWÑ S is a family of formal schemes overS, and
ρ : WÑ XˆR S
is a S-projection; so that there exists an open covering Sα of affine formal schemes of S
and
WˆS Sα = XI [n]ˆR S
for some I Ă IX and ρ|WˆSSα : XI [n]ˆR S Ñ XˆR S is the tautological projection.
Let (W1, ρ1) and (W2, ρ2) be two families of universal formal S1- and S2-schemes. An
arrowW1 ÑW2 is given by a Spf(R)-morphismS1 Ñ S2 such thatW1 –W2ˆS2 S1
is aS1-isomorphism compatible with the projections to XˆR S.
Then we define the functor
(4.3.2) M := M(X,X) : F schR Ñ (groupoids)
by
S ÞÑ tthe groupoid of family of universal SNC formal schemes over Su.
Then a routine check from the definition of stacks shows that
Proposition 4.23. The functor M is a stack over Spf(R). There exists a morphism π :
MÑ Spf(R) such thatMη – X.
Remark 4.24. Proposition 4.23 is related to an interesting result for formal blow-ups.
Fixing a formal scheme X, let tXiuiPK be all the admissible formal blow-ups of X, then
the direct limit limi(Xi) of all the underlying space of the formal blow-ups modulo the
equivalent relations is the non-archimedean analytic space Xη.
4.3.5. Relation to the stack of expanded degenerations. Recall from [50], let X be a κ-
scheme and W Ñ A1κ be a degeneration family such that Wt – X, and W0 –
D1 YD12 D2. Let X Ñ Spf(R) be the formal completion of W along W0. Then
XÑ Spf(R) is a stft formal scheme such thatXs = W0. We have the universal stack
of SNC formalmodelsM(X,X) forX. SinceXs only has two irreducible components
D1,D2, there exists only one nontrivial admissible formal blow-up XI [n] for |I| =
|IX| = 2. We just denote by X[n] := XIX [n]. For any formal model X[n] in the
universal stack of SNC formal models M(X,X), the central fiber (X[n])s consists of
D1,D2 and n irreducible components ∆i = PD12(ND12/D1 ‘O) for i = 1, ¨ ¨ ¨ , n
in between. The intersection of ∆i X ∆j – D12 and there are totally n + 1 such
singular D12’s and we denote them by Ei for 1 ď i ď n+ 1.
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Definition 4.25. ([52, Definition 3.1]) A coherent sheaf F ofXs is normal to a subscheme
D if Tor
OXs
1 (F,OD) = 0.
Definition 4.26. ([52, Definition 3.9]) A coherent sheaf F of X[n] is admissible if it is
normal to every Ei.
Then we can construct a moduli stack IPR(M) of admissible ideal sheaves of
curves with Hilbert polynomial P. This stack is defined by the following category:
let (W, ρ) PM(S) be a universal family of formal schemes overS, then we define
a family of admissible stable ideal sheaves over W. Thus we get a category of
stable ideal sheaves over the universal stack of SNC formal modelsM.
For the degeneration W Ñ A1κ , let M
alg be the stack of algebraic expanded
degenerations as in [50, Proposition 1.10] and [52, Definition 2.5]. We also have the
the moduli stack IPκ (M
alg) of stable ideal sheaves over the stackMalg of expanded
degenerations with Hilbert polynomial P as in [52, Proposition 4.4], [52, Theorem
4.14]. The stack IPκ (M
alg) is a stack over A1κ , so let I
P
κ (M
alg)0 be the central fiber as
in [52, §5.7].
Theorem 4.27. We have IPR(M) =
{IPκ (Malg), the formal completion along the origin
0 P A1κ . So I
P
R(M) is a formal stack of finite type.
Proof. LetS be the formal completion pS of a κ-scheme S over A1κ along the origin.
We check this over Malg(S) and M(S) such that there are families of effective
degenerations W[n] ˆ
A1κ
S and universal formal scheme X[n] ˆR S. The moduli
stack IPR(M) over S is exactly the formal completion
{IPκ (Malg) over S. Thus the
result follows. 
Remark 4.28. (1) Suppose that the support of F is a curve C on Xs. The normality
of F means that C intersects with Dij transversally;
(2) Transversality of the curve C with divisors Dij of Xs is essential to the study
of relative Gromov-Witten and Donaldson-Thomas theory as in [50], [51], [52].
Gross-Siebert [27] use Log stable maps to Log schemes to define the log version
of Gromov-Witten invariants, where the normality is solved by logarithmic
techniques. See [1] for a program on the case that Y is normal crossing.
(3) Our result implies that it seems natural to use non-archimedean geometry to study
degenerations of themoduli stack of stable coherent sheaves. It is also interesting to
produce the degeneration formula of Jun Li [51] using non-archimedean geometry.
We set for the splittings of the Hilbert polynomial P, which is the set of
γ = tP1, P2, P12u
such that
P = P1 + P2 ´ P12.
Let I
Pi
κ (Di,D12) for i = 1, 2 be the moduli stack of relative stable ideal sheaves
of Di relative to D12 in the sense of [52] using the stack of relative expanded pairs.
We have the following gluing theorem as in [52, Theorem 5.28].
Theorem 4.29. ([52, Theorem 5.28]) Let X be a proper Spec(κ[t])-scheme and X its
t-adic formal completion such that Xs = D1 YD12 D2. Then the moduli stack I
P
κ (Ms),
after applying the special fiber functor, has a canonical gluing isomorphism
IPκ (Ms)
„
Ñ I
P1
κ (D1,D12)ˆHilbP12κ (D12)
I
P1
κ (D1,D12)
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of Deligne-Mumford stacks, whereHilb
P12
κ (D12) is the Hilbert scheme of points on D12.
Remark 4.30. Note that in [1], the authors constructed the moduli stack of log stable
maps to a generalized Deligne-Faltings pair. A scheme X with a SNC divisor D is a
generalized Deligne-Faltings pair. It is interesting to see whether the techniques in [1]
works for relative or log ideal sheaves of curves.
Remark 4.31. In the SNC formal model X, if Xs consists of two irreducible components
D1,D2, then Corollary 4.20 can also be obtained from Theorem 4.29, since the moduli
stack IPκ (Ms) is proper if X is proper.
Corollary 4.32. Now let A be a positive number. Suppose that in IPK(X), the degree of
the stable sheaf with respect to the Ka¨hler structure pL is A. Then we have a decomposition
A = A1 + A2
where Ai is the degree of the stable sheaf in I
Pi
K
(Di,D12) with respect to the Ka¨hler
structure pL|Di .
Proof. This is from the decomposition of the stable sheaf and the normality
property. 
PART II:
5. INTRODUCTION TO MOTIVIC DONALDSON-THOMAS THEORY
5.1. Donaldson-Thomas invariants. Let Y be a smooth Calabi-Yau threefold or
a smooth threefold Calabi-Yau Deligne-Mumford stack. The Donaldson-Thomas
invariants of Y count stable coherent sheaves on Y. In [74], R. Thomas constructed
a perfect obstruction theory E‚ in the sense of Li-Tian [49], and Behrend-Fantechi
[6] on the moduli space X of stable sheaves over Y, hence a virtual fundamental
class [X]virt on X. If X is proper, then the virtual dimension of X is zero, and the
integral
DTY =
ż
[X]virt
1
is the Donaldson-Thomas invariant ofY. Donaldson-Thomas invariants have been
proved to have deep connections to Gromov-Witten theory and provided more
deep understanding of the curve counting invariants, see [56], [57], [66], etc.
In the Calabi-Yau threefold case, in [4] Behrend proves that the moduli scheme
X of stable sheaves on Y admits a symmetric obstruction theory which is defined
by him in the same paper [4]. Also Behrend constructs a canonical integer-valued
constructible function
νX : X Ñ Z
by using the local Euler obstruction of an intrinsic integral cycle cX P Z˚(X) on
X. We call νX the Behrend function of X. If X is proper, then in [4, Theorem 4.18]
Behrend proves that
DTY =
ż
[X]virt
1 =
ż
X
cCSM(νX) = χ(X, νX),
where χ(X, νX) is the weighted Euler characteristic weighted by the Behrend
function, and cCSM(νX) is the Chern-Schwartz-MacPherson class of the Behrend
function νX. The above result is the index theorem of MacPherson, which is a
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generalization of Gauss-Bonnet theorem to singular scheme X. Same result for a
proper Deligne-Mumford stack X with a symmetric perfect obstruction theory is
conjectured by Behrend in [4], and is proved in [37]. This makes the Donaldson-
Thomas invariants motivic.
5.2. Categorification of Donaldson-Thomas invariants. Around 2006, Kai
Behrend proposed a natural question called “the categorification” of Donaldson-
Thomas invariants, i.e., to find a cohomology theory of the Donaldson-Thomas
moduli space X of stable sheaves on Calabi-Yau threefolds such that its Euler
characteristic is the weighted Euler characteristic by the Behrend function. If
locally the moduli space X is the critical locus of a holomorphic function f :
M Ñ κ on a higher dimensional smooth scheme M, then the categorification
of Donaldson-Thomas invariants is given by MF
φ
M, f , the sheaf of vanishing
cycles of the function f . The sheaf MF
φ
M, f is a constructible sheaf and its Euler
characteristic at a point P P X gives rise to the value of the Behrend function νX at
P.
So the question is whether locally the Donaldson-Thomas moduli space X is
the critical locus of a holomorphic function. The local or germ deformation theory
of X is controlled by a differential graded Lie algebra L, then one can study this
local question by studying the local controlled differential graded Lie algebra L.
Behrend and Getzler [7] actually studied the local behavior of the moduli space
using cyclic differential gradedLie algebra and cyclic L8-algebras, and announced
that the local function f is coming from the cyclic L8-algebra structure of the
Donaldson-Thomas moduli space X and is holomorphic. But the paper is still
not available.
The local structure of the moduli space X is solved by Ben-Bassat, Brav, Bussi
and Joyce [16], [17] by using the techniques of derived schemes of [67], [55]. In [67],
Pantev, Toen, Vaquie and Vezzosi introduced the notion of (´n)-shifted symplectic
structure on the derived schemes. The moduli space X of stable sheaves over the
Calabi-Yau threefold Y can be lifted to a (´1)-shifted symplectic derived scheme
X such that its underlying scheme is X. There is a natural inclusion i : X Ñ X to
the derived scheme, and there is a symmetric obstruction theory of Behrend [4] on
X, which is given by the pullback of the cotangent complex LX of X to X. Brav,
Bussi and Joyce in [16] prove that if X is the underlying scheme of a (´1)-shifted
symplectic derived scheme X, then locally X is given by the critical locus of regular
function f . That is: for any point x P X, there is an open neighborhood x P R, and
a regular function f : U Ñ κ on a smooth scheme U such that R = Crit( f ).
Joyce calls (R,U, f , i) a critical chart of X, where i : R Ñ X is the inclusion. We
kindly reminder the reader here that R represents the critical scheme Crit( f ) of the
function f , not the discrete valuation ring. All the critical charts of X glue together
to give a structure on X, which Joyce [42] calls X the d-critical scheme. Hence
locally on R, we have a sheafMF
φ
U, f of vanishing cycles of f . In [18], Bussi, Joyce,
andMeinhardt prove that these data of vanishing cycles glue to give a global sheaf
MF
φ
X if there is an orientation on X, i.e., a square root K
1
2
X of the canonical line
bundle KX. Thus the categorification of X is obtained. The vanishing cycle sheaf
is a perverse sheaf, Kiem and Li [44] also use the gluing of perverse sheaves to
give a global sheaf MF
φ
X and categorify the moduli space X. The perverse sheaf
30 YUNFENG JIANG
of vanishing cycles MF
φ
X is used recently by D. Maulik and Y. Toda in [58] to
define the Gopakumar-Vafa invariants for Calabi-Yau threefolds and relate them
to Gromov-Witten invariants and Pandharipande-Thomas stable pair invariants.
Note that Maulik and Toda require the orientation data K
1
2
X,s is trivial, which is
called the CY orientation data.
5.3. Motivic Donaldson-Thomas invariants and derived schemes. The vanish-
ing cycle sheaf can be made to be motivic by the notion of motivic vanishing
cycles, which is an element inM
µˆ
X , the equivariant Grothendieck ring of varieties.
Kontsevich and Soibelman [45] introduced the motivic Donaldson-Thomas theory
for any oriented Calabi-Yau category C . They defined the motivic weights for any
object E P C by using the motivic vanishing cycle of the object E and the technique
of a cyclic A8-algebra LE = Ext(E, E) associated with the object E. Then they
prove that there is a homomorphism from the motivic Hall algebra H(C) of C to
the motivic quantum torus of C , hence deduce a wall crossing formula of motivic
Donaldson-Thomas invariants. In the case that the moduli space X is the global
critical locus of a regular function, the motivic Donaldson-Thomas invariants are
defined and studied in [5].
In [18], Bussi, Joyce, and Meinhardt also study the motivic Donaldson-Thomas
invariants for the oriented d-critical scheme X. On each d-critical chart (R,U, f , i),
one needs to consider the motive Υ(P) of a principal Z2-bundle P Ñ R. For
another principal Z2-bundle Q Ñ R, it is hard to prove that Υ(P bZ2 Q) =
Υ(P) d Υ(Q). So we define a motivic ring M
µˆ
X, by quotient out the relations
Υ(P bZ2 Q) ´ Υ(P) d Υ(Q). Then Bussi, Joyce, and Meinhardt prove that the
global vanishing cycle sheaf MF
φ
X is obtained by gluing the motivic vanishing
cycle MF
φ
U, f for all the d-critical charts (R,U, f , i) and get a global motivic
element inM
µˆ
X.
5.4. Contribution of this work. In the second part of the paper we generalize
Joyce’s d-critical scheme to the case of formal d-critical schemes and d-critical
non-archimedean K-analytic spaces. We mainly use Joyce’s definition of d-critical
schemes. The version of Kiem-Li’s virtual critical manifold structure in [44] can
also be generalized to formal schemes and Berkovich non-archimedean analytic
spaces.
The d-critical scheme of Joyce is the classical model for the (´1)-shifted
symplectic derived scheme in [67]. The notion of derived formal schemes was
developed in Chapter 8 of Lurie [55], and the notion of derived non-archimedean
K-analytic spaces was given in [68] using the terminology of Lurie. The (´n)-
shifted symplectic structures on such derived spaces can be similarly defined,
and to the author’s knowledge, these have not been explored. Once there is
a (´1)-shifted symplectic structure on the derived formal scheme and derived
non-archimedean K-analytic spaces, one hopes that taking generic functor of the
derived formal scheme we get the latter. We mainly focus on the classical part of
such spaces, and generalize Joyce’s (or Kiem-Li’s) arguments to formal schemes
and non-archimedean K-analytic spaces.
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As mentioned earlier, we hope that the d-critical non-archimedean K-
analytic spaces will be the underlying non-archimedean spaces of derived non-
archimedean spaces with a (´1)-shifted symplectic structure. Hence there
should exist a symmetric obstruction theory of Behrend in [4] on d-critical non-
archimedean K-analytic spaces. Such a space will be the foundation space to
the non-archimedean counting invariants coming from a symmetric obstruction
theory.
Assume that X is a d-critical formal R-scheme, such that its generic fiber Xη is
a d-critical non-archimedean K-analytic space. We also construct a canonical line
bundle KX onX and define the notion of orientation of X. With the orientation K
1
2
X,
we prove that there exists a global motive of vanishing cycles MF
φ
X, which is an
element in M
µˆ
Xs
where Xs is the special fiber of X and is a κ-scheme. This global
motive is also obtained by gluing the local motivic vanishing cycle MF
φ
U, fˆ
for
the formal d-critical chart (R,U, fˆ , i) of X by considering the motive of principal
Z2-bundle on R and the orientation. Suppose that X is the formal completion of a
d-critical scheme X of Joyce in [42] or Kiem-Li in [44], then by the relative GAGA
in [21], the global sheaf MF
φ
X is the formal completion of MF
φ
X.
Let X be a d-critical non-archimedean K-analytic space. X is said to be oriented
if the square root K
1
2
X of the canonical line bundle KX exists. Let X be a formal
model of X, such that X is an oriented d-critical formal R-scheme and Xη – X.
We define the absolute motive MF
φ
X :=
ş
Xs
MF
φ
X P M
µˆ
κ , where
ş
Xs
means
pushforward to a point. The absolute global motive MF
φ
X depends only on X,
i.e., is independent to the choice of the formal model.
We also introduce the Gm-equivariant d-critical formal schemes and Gm-
equivariant d-critical non-archimedean K-analytic spaces. As an application, we
generalize the motivic localization formula of D. Maulik [59] for the motivic
Donaldson-Thomas invariants to d-critical non-archimedean K-analytic spaces
and d-critical formal schemes under the Gm-action by using motivic integration
for formal schemes in [64].
5.5. Outline. We outline the structure of Part II. In §6 we introduce the notion
of d-critical formal R-schemes and orientations on d-critical formal R-schemes.
The d-critical K-analytic spaces will also be constructed. We basically follow
Joyce’s methods in [42], and provide proofs for necessary steps. §6.1 contains the
main construction and results. §6.2 provides the proof of the main construction
of the structure sheaf of the d-critical formal schemes. We introduce d-critical
non-archimedean K-analytic spaces in §6.3; and in §6.4 we talk about the Gm-
equivariant d-critical formal R-schemes and d-critical non-archimedeanK-analytic
spaces. In §7 we study the motivic localization formula for motivic Donaldson-
Thomas invariants; where in §7.1 we recall the equivariant Grothendieck group
of varieties; in §7.2 we briefly review the motivic integration for formal schemes
in [64]; in §7.3 we define the global motive for oriented d-critical formal schemes;
in §7.4 we define the global motive for oriented d-critical non-archimedean K-
analytic spaces; and finally in §7.5 we prove the motivic localization formula
for oriented d-critical non-archimedean K-analytic spaces. We also relate it to
Maulik’s motivic localization formula for motivic Donaldson-Thomas invariants.
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6. d-CRITICAL FORMAL SCHEMES
We introduce the formal version of d-critical locus in the sense of [42], and
critical virtual manifold in the sense of Kiem-Li [44], which we call the d-critical
formal scheme.
6.1. Definitions and Results.
6.1.1. Main construction. The basic knowledge for formal schemes can be found in
[13], [25]. For instance, the sheaf of differentials ΩX for a stft R-formal scheme X
is defined in [25, §5.2]. We first have the following result for formal schemes:
Theorem 6.1. Let X be a stft formal R-scheme. Then there exists a sheaf PX of R-
commutative algebras on X, unique up to canonical isomorphism, is characterized by the
following properties:
(1) Suppose that R Ă X is Zariski open, and U a smooth formal R-scheme, and
i : R Ñ U an embedding. Then there exists an exact sequence of shaves of R-
commutative algebras
0Ñ IR,U ÝÑ i
´1(OU) ÝÑ OX|R Ñ 0
where OU,OX are the structure sheaves, and an exact sequence of sheaves of R-
commutative algebras:
0Ñ PX|R
ιRÝÑ
i´1(OU)
I2R,U
d
ÝÑ
i´1(ΩU)
IR,U ¨ i´1(ΩU)
where d( f + I2R,U) = d f + IR,U ¨ i
´1(ΩU).
(2) If R Ă S Ă X are Zariski open formal subschemes, and
i : R ãÑ U; j : S ãÑ V
are closed embeddings into smooth formal R-schemes U,V. Let
Φ : UÑ V
be a morphism with Φ ˝ i = j|R : R Ñ V. Then the following diagram of
R-commutative algebra sheaves commutes:
(6.1.1) 0 //PX|R
ιS,V|R//
id

i´1(OV)
I2S,V
|R
d //
i´1(Φ#)

i´1(ΩV)
IS,V¨i´1(ΩV)
|R //
i´1(dΦ)

0
0 //PX|R
ιR,U // i
´1(OU)
I2R,U
d // i
´1(ΩU)
IR,V¨i´1(ΩU)
// 0
where Φ : UÑ V induces
Φ
# : Φ´1(OV)Ñ OU
on U and
(6.1.2) i´1(Φ#) : j´1(OV)|R = i
´1 ˝Φ´1(OV)Ñ i
´1(OU)
is a morphism of sheaves of R-commutative algebras over R. As Φ ˝ i = j|R,
then the above maps to IS,V|R Ñ IR,U, and I
2
S,V|R Ñ I
2
R,U. Thus the map
(6.1.2) induces the morphism in the second column of (6.1.1). Similarly, dΦ :
Φ
´1(ΩV)Ñ ΩU induces the third column of (6.1.1).
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In [42], the sheaf PX for a d-critical scheme X has a natural decomposition
PX = P
0
X ‘ κX
where κX is the constant sheaf on X, and P
0
X Ă PX is the kernel of the
composition map:
PX
βX
ÝÑ OX
i#XÝÑ OXred
where βX is the natural map.
Let X be a stft formal R-scheme with ideal of definition I. Then the underlying
scheme is (X,OX/I). From [25, Proposition 1.1.26], any locally noetherian formal
scheme X has a unique large ideal of definition I of finite type such that the
underlying scheme (X,OX/I) is reduced. So we do not pursue a decomposition
of the sheaf PX here.
Definition 6.2. A formal d-critical R-scheme is a pair (X, s), where X is a stft formal
R-scheme, and s P H0(PX) is a section such that the following conditions are satisfied.
For any x P X, there exists an adic morphism of formal schemes
i : RÑ U = Spf(Rtx1, ¨ ¨ ¨ , xnu)
such thatR Ă X is an open affine formal subscheme of the form
i(R) = Spf(Rtx1, ¨ ¨ ¨ , xnu/(d f ))
for f P Rtx1, ¨ ¨ ¨ , xnu and ιR,U(s|R) = i
´1( f ) + I2R,U. The quadruple (R,U, f , i) is
called a formal d-critical chart of (X, s).
Example 1. Recall from §2.3 we have the critical formal affine scheme
fˆ : XˆÑ Spf(R).
We already have the embedding i : XˆÑ U. Let us define the coherent sheaf PXˆ. Let IXˆ,U
be the formal ideal sheaf of Xˆ inside U, which is generated by d f . Then
i´1( f ) P H0(i´1(OU))
and d(i´1( f )) P H0(IX,U ¨ i
´1(ΩU)) Ă H
0(i´1(ΩU)). So PXˆ is the sheaf
ker
(
i´1(OU)
I2R,U
d
ÝÑ
i´1(ΩU)
IR,V ¨ i´1(ΩU)
)
The section s P H0(PXˆ) is s = f + I
2
Xˆ,U
.
6.1.2. Canonical bundles of formal d-critical schemes.
Proposition 6.3. Let (X, s) be a formal d-critical R-scheme, and let
Φ : (R,U, f , i) ãÑ (S,V, g, j)
be an embedding of formal critical charts on (X, s). Then for any x P R, there exist open
neighborhoods U1,V1 of i(x), j(x) in U,V, such that Φ(U1) Ď V1 and functions:
α : V1 Ñ U; β : V1 Ñ Spf(Rtx1, ¨ ¨ ¨ , xnu)
where n = dim(V)´ dim(U) such that
αˆ β : V1 Ñ Uˆ Spf(Rtx1, ¨ ¨ ¨ , xnu)
is an isomorphism and Φ|U1 = id |U1 , β ˝Φ|U1 = 0, and
g|V1 = f ˝ α+ (x
2
1 + ¨ ¨ ¨+ x
2
n) ˝ β.
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Proof. Let us briefly prove this result. Recall that an embedding of formal critical
charts
Φ : (R,U, f , i) ãÑ (S,V, g, j)
is a diagram:
R
  //
i

S
j

U
  Φ // V
such that
U = Spf(Rtx1, ¨ ¨ ¨ , xmu)Ñ V = Spf(Rtx1, ¨ ¨ ¨ , xm, y1, ¨ ¨ ¨ , ynu)
and Φ ˝ i = j|R. Then the essential idea in the proof of [42, Proposition 2.22]
works well here. If we have functions f P A = Rtx1, ¨ ¨ ¨ , xmu and g P B =
Rtx1, ¨ ¨ ¨ , xm, y1, ¨ ¨ ¨ , ynu such that IR,U = I(d f ), IS,V = I(dg), then we have:
since Φ(U) Ď V with y1 = ¨ ¨ ¨ = yn = 0 and i(R) Ñ j(R) Ă j(S), I(d f ) –
I(dg)|y1=¨¨¨=yn=0. Hence(
B f
Bxa
(x1, ¨ ¨ ¨ , xm) : a = 1, ¨ ¨ ¨ ,m
)
=(
Bg
Bxa
(x1, ¨ ¨ ¨ , xm, 0, ¨ ¨ ¨ , 0) : a = 1, ¨ ¨ ¨ ,m;
Bg
Byb
(x1, ¨ ¨ ¨ , xm, 0, ¨ ¨ ¨ , 0) : b = 1, ¨ ¨ ¨ , n
)
Then we can write
Bg
Byb
(x1, ¨ ¨ ¨ , xm, 0, ¨ ¨ ¨ , 0) in terms of
Bg
Bxa
(x1, ¨ ¨ ¨ , xm, 0, ¨ ¨ ¨ , 0).
Hence let h P B be a new function rg ´ f , where rg is the function of g with new
coordinates rx1, ¨ ¨ ¨ , rxm, ry1, ¨ ¨ ¨ , ryn
such that
rxa = xa + mÿ
b=1
Aab(x1, ¨ ¨ ¨ , xm)yb
Bg
Byb
=
mÿ
a=1
Aab(x1, ¨ ¨ ¨ , xm) ¨
Bg
Bxa
(x1, ¨ ¨ ¨ , xm, 0, ¨ ¨ ¨ , 0).
Then h(rx1, ¨ ¨ ¨ , rxm, 0, ¨ ¨ ¨ , 0) = 0 and BgByb (rx1, ¨ ¨ ¨ , rxm, 0, ¨ ¨ ¨ , 0) = 0. So
h(rx1, ¨ ¨ ¨ , rxm, ry1, ¨ ¨ ¨ , ryn) =ÿrybrycQbc(rx1, ¨ ¨ ¨ , rxm, ry1, ¨ ¨ ¨ , ryn)
for some Qbc P Rtrx1, ¨ ¨ ¨ , rxm, ry1, ¨ ¨ ¨ , rynu. The thing is that Qbc is invertible so that
we can have new algebras A = Rtx1, ¨ ¨ ¨ , xmu and B = Rtx1, ¨ ¨ ¨ , xm, y1, ¨ ¨ ¨ , ynu
such that
g = f + y21 + ¨ ¨ ¨+ y
2
n.

Our main result in this section is that we also can define a canonical line bundle
on (X, s).
Theorem 6.4. Let (X, s) be a d-critical formal scheme. Then there exists a line bundle
KX,s, the canonical line bundle on (X, s), which is natural up to isomorphism and has
the following properties:
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(1) Let (R,U, f , i) be a formal critical chart of (X, s). Then there exists a natural
isomorphism
ιR,U, f ,i : KX,s|R Ñ i
‹(Kb2U )
Here KU = Λ
dim(U)ΩU is the canonical sheaf on U in the sense of [25, §1.8].
(2) If Φ : (R,U, f , i) ãÑ (S,V, g, j) is an embedding of formal critical charts on
(X, s), let
JΦ : i
‹(Kb2U )
„
Ñ j‹(Kb2V )|R
is the isomorphism defined in the proof. Then
ιS,V,g,j = JΦ ˝ ιR,U, f ,i : KX,s Ñ j
‹(Kb2V )|R.
(3) For each x P X, we have
kx : KX,s|x – (Λ
top
Ωx,X)
b2.
(4) For a critical chart (R,U, f , i), and x P R, we have the following exact sequence
(6.1.3) 0Ñ TxX
di|x
ÝÑ Ti(x)U
Hessi(x) f
ÝÑ Ωi(x),U
di|˚xÝÑ Ωx,R Ñ 0
and a commutative diagram:
KX,s|x
kx //
ιR,U, f ,i|x &&▼▼
▼▼
▼▼
▼▼
▼▼
(ΛtopΩx,X)
b2
αx,R,U, f ,i

Kb2U |x
Here αx,R,U, f ,i is the one given by (6.1.3).
Proof. Let Φ : (R,U, f , i) ãÑ (S,V, g, j) be an embedding of formal critical charts.
Then let NU/V be the normal bundle of Φ(U) inV, we have
0Ñ TU
dΦ
ÝÑ Φ‹(TV)
πU/V
ÝÑ NU/V Ñ 0
so that i‹(NU/V) is a vector bundle onR Ă X. Then there exists a unique quadratic
form qUV P H
0(S2(N˚U/V)) on i
‹(NU/V). These data will satisfy the properties in
[42, Proposition 2.25] since we choose our embeddings and critical charts as:
U = Spf(Rtx1, ¨ ¨ ¨ , xmu)
and
V = Spf(Rtx1, ¨ ¨ ¨ , xm, y1, ¨ ¨ ¨ , ynu).
For another embedding of formal critical charts
Ψ : (S,V, g, j) ãÑ (T,W, h, k)
such that
Ψ ˝Φ : (R,U, f , i) ãÑ (T,W, h, k)
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is also an embedding of formal critical charts. We have the following diagram:
0 0§§đ §§đ
0 ÝÝÝÝÑ TU ÝÝÝÝÑ Φ
‹(TV)
πU/V
ÝÝÝÝÑ NU/V ÝÝÝÝÑ 0§§đid §§đ §§đγUVW
0 ÝÝÝÝÑ TU ÝÝÝÝÑ (Ψ ˝Φ)
‹(TW)
πU/W
ÝÝÝÝÑ NU/W ÝÝÝÝÑ 0§§đ §§đ §§đδUVW
0 ÝÝÝÝÑ Φ‹(NV/W) ÝÝÝÝÑ Φ
‹(NV/W) ÝÝÝÝÑ 0§§đ §§đ
0 0,
where γUVW and δUVW are defined accordingly. Pulling back by i
‹:
(6.1.4) 0Ñ i‹NU/V|R
i‹(γ)
ÝÑ i‹(NU/W)|R
i‹(δ)
ÝÑ j‹(NV/W)|R Ñ 0.
Hence we have
(6.1.5) i‹NU/W – i
‹NU/V ‘ i
‹NV/W
and
qUW – qUV ‘ qVW ‘ 0
in
S2(i‹(N˚U/W)) – S
2(i‹(N˚U/V))|R‘S
2(i‹(N˚U/W))|R‘ (i
‹(N˚U/V)b i
‹(N˚V/W))|R.
Now for any Φ : (R,U, f , i) ãÑ (S,V, g, j), we have
ρUV : (i
‹KU)b i
‹
Λ
n(N˚U/V)
„
ÝÑ j‹(KV)|R
by taking the top exterior powers in the dual of exact sequence. Since qUV is a non-
degenerate quadratic form, its determinant det(qUV) is a nonvanishing section of
i‹(ΛnNU/V)
b2. Hence we can define the following isomorphism:
(6.1.6) JΦ : i
‹(Kb2U )
„
Ñ j‹(Kb2V )|R
by the diagram:
i‹(Kb2U )
idbdet(qUV)|R //
JΦ
++❳❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳ (Λ
topi‹(Kb2U )b (Λ
topN˚U/V)
b2|R
ρb2UV|R

j‹(Kb2V )|R
Then one can check that the isomorphism JΦ is independent of the choice Φ and
JΨ|R ˝ JΦ = JΨ˝Φ
if Ψ : (S,V, g, j) ãÑ (T,W, h, k) is another embedding of formal critical charts. The
formula is Proposition 2.27 of Joyce in [42] and we check that it holds for formal
critical charts.
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Then we construct the line bundle KX,s locally using K
b2
U . The existence of KX,s
is from the following lemma:
Lemma 6.5. Let (R,U, f , i), (S,V, g, j) be formal critical charts on (X, s). Then there is
a unique isomorphism
J
S,V,g,j
R,U, f ,i : i
‹(Kb2U )|RXS Ñ j
‹(Kb2V )|RXS
such that if Φ : (R,U, f , i) ãÑ (S,V, g, j) and Ψ : (S,V, g, j) ãÑ (T,W, h, k) are
embeddings of formal critical charts, then
J
S,V,g,j
R,U, f ,i |RXS = J
´1
Ψ
˝ JΦ|RXS
and
J
R,U, f ,i
R,U, f ,i = id; J
R,U, f ,i
S,V,g,j = (J
S,V,g,j
R,U, f ,i )
´1
JT,W,h,k
S,V,g,j ˝ J
S,V,g,j
R,U, f ,i |RXSXT = J
T,W,h,k
R,U, f ,i |RXSXT.
Proof. We use a similar result as in Theorem 2.20 of [42]: for any formal d-critical
charts (R,U, f , i) and (S,V, g, j), let x P RXS, thenRXS is also a formal scheme
of the form Spf(ARS), where ARS is a stft R-algebra. Then we have a morphism
Spf(ARS)Ñ S = Spf(Rtx1, ¨ ¨ ¨ , xm, y1, ¨ ¨ ¨ , yn)/(I(dg))
as formal schemes. Since also Spf(ARS) ãÑ R = Spf(Rtx1, ¨ ¨ ¨ , xm)/(I(d f )), then
there exists
R1 = RXS 
 //
 _

S _

U1
Θ // V
where U1 is another smooth formal scheme Spf(Rtx1, ¨ ¨ ¨ , xru) with r ă m. Then
similar to the arguments as in Theorem 2.20 of Joyce [42] we have
f 1 = f |U1 ´ g ˝Θ P I
2
R1,U1
and we can construct a formal critical chart (T,W, h, k) such that
W = Vˆ Spf(Rtz1, ¨ ¨ ¨ , zn, t1, ¨ ¨ ¨ , tnu);T = S; k = jˆ t0u
and T = S ãÑ Vˆ Spf(Rtz1, ¨ ¨ ¨ , zn, t1, ¨ ¨ ¨ , tnu) = W by
Φ(u) = (Θ(u), r1(u), ¨ ¨ ¨ , rn(u), s1(u), ¨ ¨ ¨ , sn(u)); Ψ(v) = (v, 0)
and
f 1 = g ˝Θ + r1s1 + ¨ ¨ ¨+ rnsn
h(v, (z1, ¨ ¨ ¨ , zn, t1, ¨ ¨ ¨ , tn)) = g(v) + z1t1 + ¨ ¨ ¨+ zntn.
Then using this result we can prove that
J´1
Ψ
˝ JΦ|RXS
is independent to the data chosen in the theorem as in Lemma 6.1 of [42]. So these
isomorphisms give the conditions in the theorem. 
Then it is routine check that KX,s satisfies the conditions in the theorem. We
omit the details. Thus the proof of Theorem 6.4 is complete. 
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Definition 6.6. (Orientation of d-critical formal scheme) Let (X, s) be a formal d-critical
scheme and KX,s the canonical line bundle. An orientation on (X, s) is a choice of square
root K
1
2
X,s for KX,s. That is a line bundle L over X such that L
b2 – KX,s. We call (X, s)
the oriented d-critical formal scheme if K
1
2
X,s exists.
As in [42], an orientation on (X, s) can be explained by principal Z2-bundles.
Definition 6.7. Let (X, s) be a formal d-critical scheme. For each embedding of formal
critical charts:
Φ : (R,U, f , i) ãÑ (S,V, g, j),
let πΦ : PΦ Ñ R be the bundle of square roots of the isomorphism JΦ in (6.1.6). A local
section sα : RÑ PΦ corresponds to a local isomorphism
α : i‹(KU)|R Ñ j
‹(KV)|R
with αb α = JΦ. Also PΦ is independent of the choice of Φ.
If Ψ : (S,V, g, j) ãÑ (T,W, h, k) is another embedding of formal critical charts, then
there exists an isomorphism
ΠΨ,Φ : PΨ˝Φ
„
Ñ PΨ|R bZ2 PΦ,
such that if
α : i‹(KU)Ñ j
‹(KV)|R; β : j
‹(KV)|R Ñ k
‹(KW)|R; γ : i
‹(KU)Ñ k
‹(KW)|R
are the local isomorphisms such that
αb = JΦ; βb β = JΨ|R; γb γ = JΨ˝Φ
correspond to local sections sα : R Ñ PΦ, sβ : RÑ PΨ|R, and sγ : RÑ PΨ˝Φ|R. Then
ΠΨ,Φ(sγ) = sβ bZ2 sα if and only if γ = β ˝ α.
Remark 6.8. Actually using the theory of gerbes an orientation on (X, s) is a BZ2-gerbe
over (X, s).
Let K
1
2
X,s be an orientation on (X, s). Let (R,U, f , i) be a formal critical chart,
define a principal Z2-bundle
πR,U, f ,i : QÑ R
to be the bundle of square root of ιR,U, f ,i : KX,s|R
„
Ñ i‹(KU)
b2. On an embedding
Φ : (R,U, f , i) ãÑ (S,V, g, j)we have principal Z2-bundles
πΦ : PΦ Ñ R
πR,U, f ,i : QRU Ñ R
πS,V,g,j : QSV Ñ R.
Then there exists a natural isomorphism
(6.1.7) ΛΦ : QSV|R
„
Ñ PΦ bZ2 QRU
by local isomorphisms:
α : i‹(KU)|R Ñ j
‹(KV)|R; β : K
1
2
X,s|R Ñ i
‹(KU)|R; γ : K
1
2
X,s|R Ñ j
‹(KV)|R
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with αb α = i‹(JΦ), βb β = ιR,U, f ,i corresponding to local sections sα, sβ, sγ. If
Ψ : (S,V, g, j) ãÑ (T,W, h, k) is another embedding of formal critical charts then
we have the following commutative diagram:
(6.1.8) QT,W,h,k|R
ΛΨ˝Φ //
ΛΨ|R

PΨ˝Φ bZ2 QR,U, f ,i
ΠΨΦbid

(PΨ bZ2 QS,V,g,j)|R
idbΛΦ // PΨ|R bZ2 PΦ bZ2 QR,U, f ,i
So the following proposition is straightforward.
Proposition 6.9. Let (X, s) be a formal d-critical scheme. Then there is an isomorphism
between isomorphism classes of orientations K
1
2
X,s on (X, s), and isomorphism classes of
the data:
(1) each formal critical chart (R,U, f , i), and a choice of principal Z2-bundle π :
QR,U, f ,i Ñ R;
(2) each embedding of formal critical charts
Φ : (R,U, f , i) ãÑ (S,V, g, j)
a choice of ΛΦ in (6.1.7) such that the diagram (6.1.8) holds.
6.2. Proof of main theorem. We prove Theorem 6.1. We mainly check that the
proof in [42, §3.1, §3.2] work for formal schemes, since a stft R-formal scheme X is
covered by affine stft R-formal schemes of the type Spf(A). First let (R,U, f , i) be
a formal critical chart as in the theorem. Then we have:
0Ñ KR,U,i|R
kR,U
ÝÑ
i´1(OU)
I2R,U
d
ÝÑ
i´1(ΩU)
IR,U ¨ i´1(ΩU)
where KR,U,i is the kernel. Then KR,U,i is a sheaf of R-commutative algebras.
Similar arguments as in [42, §3.1] works for any morphism
Φ : (R,U, i)Ñ (S,V, j)
such that R Ď S, we have
Φ
‹ : KS,V,j|R Ñ KR,U,i
as a morphism of sheaves of R-commutative algebras. If Ψ : (S,V, j)Ñ (T,W, k)
is another morphism of formal critical charts, then
(Ψ ˝Φ)‹ = Φ‹ ˝Ψ‹|R.
Also Lemma 3.1 of [42] is true for formal critical charts: if Φ, rΦ : (R,U, i) Ñ
(S,V, j) are morphisms of triples, then
Φ
‹ = rΦ‹ : KS,V,j|R Ñ KR,U,i.
The main point in the proof is that for any local section α P KS,V,j|R around x P R,
α = f + (I2S,V). Then
Φ
‹(α) = f ˝Φ + (I2R,U)rΦ‹(α) = f ˝ rΦ + (I2R,U).
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We can write down (V = Spf(Rtx1, ¨ ¨ ¨ , xm))
(6.2.1) f ˝ rΦ´ f ˝Φ = mÿ
a=1
(
B f
Bxi
˝Φ) ¨ (xa ˝ rΦ´ xa ˝Φ)
+
mÿ
a,b=1
Aab(xa ˝ rΦ´ xa ˝Φ) ¨ (xb ˝ rΦ´ xb ˝Φ)
where Aab are functions. Then one can prove that each factor (¨) in (6.2.1) lies in
IR,U. So
Φ
‹(α) = f ˝Φ + (IR,U)
2 = f ˝ rΦ + (IR,U)2 = rΦ‹(α).
Similar as before, let (R,U, i), (S,V, j) be formal critical charts. Then for any
x P RXS, there exists a (R1,U1, i1) such that R1 Ď R XS and Φ : (R1,U1, i1) ãÑ
(S,V, j) is an embedding of formal critical charts. We can show that
IR,U,i
S,V,j : KS,V,j|RXS
„
Ñ KR,U,i|RXS
is an isomorphism, and
IR,U,iS,V,j|RXSXT ˝ I
S,V,j
T,W,k|RXSXT = I
R,U,i
T,W,k|RXSXT
for any other (T,W, k). Hence we can define
PX|(R,U,i) = KR,U,i.
Then these data glue together to give a sheaf PX of R-commutative algebras over
X.
6.3. d-critical non-archimedean K-analytic spaces. In this section we briefly
recall that there exists a notion of d-critical rigid varieties and non-archimedean K-
analytic spaces by taking the generic fiber (¨)rig, (¨)η to a d-critical formal scheme.
First, let X be a stft formal R-scheme. Then from [64], [9], recalled in Remark ??,
there is a functor
(¨)η : F schR Ñ AnK; (¨)rig : F schR Ñ RigK
from the category of stft formal R-schemes to the category of paracompact K-
analytic spaces by taking the generic fiber of formal schemes. If X = Spf(A) for a
stft t-adic R-algebra A, then
(X)η = Xη = SpB(AbR K)
is the Berkovich spectrum of semi-norms of AbR K. If we take take AbR K as the
Tate’s K-affinoid algebra then we get the rigid variety Xη.
A general stft formal R-scheme is covered by a finite covering tXiu of open
affine formal R-schemes of the form Spf(Ai). The intersections Xij = Xi XXj are
separate formal R-schemes, and Xij,η are closed analytic domains of Xi,η. Gluing
Xi,η along Xij,η we get a paracompact K-analytic space Xη.
Proposition 6.10. Let X be a quasi-compact K-analytic space. Then there exists a
coherent sheaf PX , unique up to isomorphism, and is characterized by the properties in
Theorem 6.1.
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Proof. For a quasi-compact K-analytic space X, from [15], [70], there is a formal
model X for X, i.e., there exists a stft formal R-scheme X such that Xη – X. Hence
from [64, Proposition 2.6], there exists a unique exact funcotr
(¨)η : (CohX)Ñ Coh(Xη)
from the category of coherent sheaves over X to the category of coherent sheaves
over Xη. Then we get the coherent sheaf PX = (PX)η. 
Definition 6.11. A d-critical K-analytic space (or virtual critical K-analytic space of
Kiem-Li) is a pair (X, s), where X is a quasi-compact K-analytic space, and s P H0(PX)
is a section, such that for any x P X, there exists a local embedding
R
i
Ñ U = SpB(Ktx1, ¨ ¨ ¨ , xmu)
such that R ãÑ U is a closed embedding and
i(R) = SpB(Ktx1, ¨ ¨ ¨ , xmu/(d ft)),
for ft = f ´ t P Ktx1, ¨ ¨ ¨ , xmu, and ιR,U(s|R) = i
´1( ft) + I2R,U.
Similar to Theorem 6.4, we have
Proposition 6.12. Let (X, s) be a d-critical K-analytic space. Then there exists a line
bundle KX,s, the canonical line bundle on (X, s), which is natural up to isomorphism
and satisfies similar properties in Theorem 6.4 by replacing the formal critical charts by
the analytic critical charts.
Proof. Since for a d-critical K-analytic space (X, s), there is a formal model (X, s)
which is a d-critical formal scheme. Then the properties in Theorem 6.4 are from
the above generic fiber functor (¨)η. 
Definition 6.13. An oriented d-critical K-analytic space (X, s) is a d-critical K-analytic
space such that there is a square root for the canonical line bundle KX,s.
The following proposition is from the above construction of functors.
Proposition 6.14. Let (X, s) be an oriented d-critical formal scheme. Then the generic
fiber (Xη, sη) is an oriented d-critical non-archimedean K-analytic space.
Similarly,
Proposition 6.15. Let (X, s) be a d-critical formal scheme. Then the special fiber (Xs, s)
is a d-critical scheme in [42].
Proof. From Lemma 2.3, there is a special fiber functor
(¨)s : F schR Ñ Schκ
and an exact functor
(¨)s : CohX Ñ CohXs
such that (PX)s = PX , the unique sheaf in [42]. The canonical section
s P H0(PX) will induce the canonical section s P H
0(PXs). Then the result
follows. 
Example 2. From [9, §1.5] a quasi-compact K-analytic space X is smooth if for any
connected strictly affinoid domain V, the sheaf of differentials ΩV is locally free of rank
dim(V) and there is no boundary. Then PX = 0 and the pair (X, 0) is a trivial d-critical
K-analytic space.
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Example 3. If (X, s) is a d-critical K-analytic space such that it is the generic fiber of a
d-critical formal R-scheme (X, s) of the form X = Spf(Rtx1, ¨ ¨ ¨ , xmu/(Id f )) in Example
1, where s = f + I2X,U. Then
X = SpB(Ktx1, ¨ ¨ ¨ , xmu/(I(d ft)))
where s = ft + I2X,U and U = SpB(Ktx1, ¨ ¨ ¨ , xmu) is the unit closed disc.
Remark 6.16. One also can define a canonical line bundle KX,s on any d-critical K-
analytic space (X, s). Micmicing the construction in §6.1.2 or by taking the generic fiber
(¨)η we get a canonical line bundle over Xη = X.
6.4. Gm-equivariant d-critical formal schemes. We talk about the torus action on
formal schemes and K-analytic spaces.
Definition 6.17. A torus Gm-action of the ring R is called nice if the induced action on
the residue is trivial.
Definition 6.18. Let (X, s) ((X, s)) be a d-critical R-formal scheme (d-criticalK-analytic
space). A Gm-action
µ : Gm ˆXÑ X; (Gm ˆ X Ñ X)
is Gm-invariant if µ(γ)‹(s) = s for any γ P Gm, and s P H2(PX) (s P H
2(PX)), or
equivalently µ‹(s) = π‹X(s), where π : Gm ˆXÑ X (Gm ˆ X Ñ X) is the projection.
Definition 6.19. The Gm-action on a formal scheme X is called good if any orbit is
contained in an affine formal subscheme of X. Equivalently, there exists an open cover of
formal subschemes which are Gm-invariant.
Proposition 6.20. Let (X, s) be a formal d-critical R-scheme which is Gm-invariant under
the Gm-action. Then
(1) If the action µ is good, then any x P X there exists a Gm-invariant formal critical
chart (R,U, f , i) on (X, s) such that dim(TxX) = dim(U);
(2) If for all x P X we have a Gm-invariant formal critical chart (R,U, f , i), then the
action µ is good.
Proof. Let (X, s) be a formal d-critical R-scheme with a good Gm-action. That the
action is good means that there is a Gm-invariant affine R-formal scheme R
1
ãÑ
X, such that R1 = Spf(A/I). Performing the same argument as in the proof of
Theorem 2.43 of [42], we can take a Gm-equivalent formal critical chart (R,U, f , i)
such that dim(U) = dim(TxX). This is (1). (2) is clear. 
Proposition 6.21. Let (X, s) be a formal d-critical R-scheme which is Gm-invariant under
the Gm-action. Let X
Gm be the fixed formal subscheme. Then the fixed subscheme XGm
inherits a formal d-critical scheme structure (XGm , sGm), where sGm = i‹(s) and i :
XGm ãÑ X is the inclusion map.
Proof. This result is from a Gm-equivariant version of the following result. Let
(R,U, f , i), (S,V, g, j) be Gm-equivariant formal critical charts on (X, s). Then for
x P RXS, there exist Gm-equivariant charts (R1,U1, f 1, i1), (S1,V1, g1, j1) and a Gm-
equivariant formal chart (T,W, h, k), and Gm-equivariant embeddings
Φ : (R1,U1, f 1, i1) ãÑ (T,W, h, k)
Ψ : (S1,V1, g1, j1) ãÑ (T,W, h, k).
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Then let fGm = f |UGm and i
Gm = i|RGm , we have a formal critical chart
(RGm ,UGm , fGm , iGm) on (XGm , sGm). Hence by gluing (XGm , sGm) is a formal d-
critical R-scheme. 
A similar notion of Gm-invariant d-critical K-analytic space and Gm-equivariant
critical chart (R,U, f , i) can be similarly defined and we omit the details.
7. MOTIVIC LOCALIZATION OF DONALDSON-THOMAS INVARIANTS
7.1. Grothendieck group of varieties. In this section we briefly review the
Grothendieck group of varieties. Let S be an algebraic variety over κ. Let VarS
be the category of S-varieties.
Let K0(VarS) be the Grothendieck group of S-varieties. By definition K0(VarS)
is an abelian group with generators given by all the varieties [X]’s, where X Ñ S
are S-varieties, and the relations are [X] = [Y], if X is isomorphic to Y, and [X] =
[Y] + [XzY] if Y is a Zariski closed subvariety of X. Let [X], [Y] P K0(VarS), and
define [X][Y] = [X ˆS Y]. Then we have a product on K0(VarS). Let L represent
the class of [A1κ ˆ S]. Let MS = K0(VarS)[L
´1] be the ring by inverting the class
L in the ring K0(VarS).
If S is a point Spec(κ), we write K0(Varκ) for the Grothendieck ring of κ-
varieties. One can take the map Varκ ÝÑ K0(Varκ) to be the universal Euler
characteristic. After inverting the class L = [A1κ ], we get the ringMκ .
We introduce the equivariant Grothendieck group defined in [23]. Let µn
be the cyclic group of order n, which can be taken as the algebraic variety
Spec(κ[x]/(xn ´ 1)). Let µmd ÝÑ µn be the map x ÞÑ x
d. Then all the groups
µn form a projective system. Let
limÐÝ
n
µn
be the direct limit.
Suppose that X is a S-variety. The action µn ˆ X ÝÑ X is called a good action
if each orbit is contained in an affine subvariety of X. A good µˆ-action on X is an
action of µˆ which factors through a good µn-action for some n.
The equivariant Grothendieck group K
µˆ
0 (VarS) is defined as follows: The
generators are S-varieties [X] with a good µˆ-action; and the relations are: [X, µˆ] =
[Y, µˆ] if X is isomorphic to Y as µˆ-equivariant S-varieties, and [X, µˆ] = [Y, µˆ] +
[XzY, µˆ] ifY is a Zariski closed subvariety of Xwith the µˆ-action induced from that
on X, if V is an affine variety with a good µˆ-action, then [XˆV, µˆ] = [X ˆAnκ , µˆ].
The group K
µˆ
0 (VarS) has a ring structure if we define the product as the fibre
product with the good µˆ-action. Still we let L represent the class [SˆA1κ , µˆ] and let
M
µˆ
S = K
µˆ
0 (VarS)[L
´1] be the ring obtained from K
µˆ
0 (VarS) by inverting the class
L.
If S = Spec(κ), then we write K
µˆ
0 (VarS) as K
µˆ
0 (Varκ), and M
µˆ
S asM
µˆ
κ . Let s P S
be a geometric point. Then we have natural maps K
µˆ
0 (VarS) ÝÑ K
µˆ
0 (Varκ) and
M
µˆ
S ÝÑM
µˆ
κ given by the correspondence [X, µˆ] ÞÑ [Xs, µˆ].
Let S be a scheme. Following [18], we need to define a new product d on M
µˆ
S .
The following definition is due to [18, Definition 2.3].
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Definition 7.1. Let [X, pσ], [Y, pτ] be two elements in Kµˆ0 (VarS) orMµˆS . Then there exists
n ě 1 such that the µˆ-actions pσ, pτ on X,Y factor through µn-actions σn, τn. Define Jn to
be the Fermat curve
Jn = t(t, u) P (A
1zt0u)2 : tn + un = 1u.
Let µn ˆ µn act on Jn ˆ (XˆS Y) by
(α, α1) ¨ ((t, u), (v,w)) = ((α ¨ t, α1 ¨ u), (σn(α)(v), τn(α
1)(w))).
Write Jn(X,Y) = (Jn ˆ (X ˆS Y))/(µn ˆ µn) for the quotient κ-scheme, and define a
µn-action vn on Jn(X,Y) by
vn(α)((t, u), v,w)(µnˆ µn) = ((α ¨ t, α ¨ u), v,w)(µnˆ µn).
Let vˆ be the induced good µˆ-action on Jn(X,Y), and set
[X, pσ]d [Y, pτ] = (L´ 1) ¨ [(XˆS Y/µn, ιˆ)]´ [Jn(X,Y), vˆ]
in K
µˆ
0 (VarS) or M
µˆ
S. This defines a commutative, associative product on K
µˆ
0 (VarS) or
M
µˆ
S.
Consider the Lefschetz motive L = [A1κ ]. As in [18], we define L
1
2 in K
µˆ
0 (VarS)
orM
µˆ
S by:
L
1
2 = [S, ιˆ]´ [Sˆ µ2, ρˆ],
where [S, ιˆ] with trivial µˆ-action ιˆ is the identity in K
µˆ
0 (VarS) or M
µˆ
S , and Sˆ µ2 is
the two copies of S with the nontrivial µˆ-action ρˆ induced by the left action of µ2
on itself, exchanging the two copies of S. Then L
1
2 dL
1
2 = L.
7.2. Motivic integration on rigid varieties. Let X be a generically smooth stft
formal R-scheme. We follow the construction of Nicaise-Sebag, Nicaise in [62],
[64] for the definition of the motivic integration of a gauge form ω on Xη , which
takes values inMXs . We briefly recall the method to define the motivic integrationş
X |ω|. First we have
X = lim
ÝÑ
m
Xm,
where Xm = (X,OXbR Rm) and Rm = R/(π)
m+1. In Greenberg [26], the functor
Y ÞÑ HomRm(Y ˆκ Rm,Xm)
from the category of κ-schemes to the category of sets is presented by a κ-scheme
Grm(Xm)
of finite type such that
Grm(Xm)(A) = Xm(Abκ Rm)
for any κ-algebra A. The projective limit lim
ÝÑm
Xm is denoted byGr(X). The functor
Gr respects open and closed immersions and fiber products, and sends affine
topologically of finite type formal R-schemes to affine κ-schemes. The motivic
integration of a gauge form ω is defined by using the stable cylindrical subsets of
Gr(X), introduced by Loeser-Sebag in [53], and Nicaise-Sebag in [63].
Let C0,X be the set of stable cylindrical subsets of Gr(X) of some level. If A Ă
C0,X is a cylinder, and we have a function
α : AÑ ZY t8u
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such that α´1(m) Ă C0,X. Thenż
A
[A1Xs ]
´αdrµ := ÿ
mPZ
rµ(α´1(m)) ¨ [A1Xs ]´m,
where rµ : C0,X ÑMXs
is the unique additive morphism defined in [47, Proposition 5.1] by
rµ(A) = [πm(A)] ¨ [A1Xs ]´(m+1)d
for A a stable cylinder of level m, d is the relative dimension of X, and πm :
Gr(X)Ñ Gr(Xm) is the canonical projection.
Let ω be a gauge form on Xη, in [53], the authors constructed an integer-valued
function
ordπ,X(ω)
on Gr(X) that takes the role of α before. The motivic integration
ş
X |ω| is defined
to be
(7.2.1)
ż
X
|ω| :=
ż
Gr(X)
[A1X0 ]
´ ordπ,X(ω)drµ PMXs .
From [53], [62], the forgetful mapż
: MXs ÑMκ
defined by ż
X
|ω| ÞÑ
ż
Xη
|ω| :=
ż ż
X
|ω|
only depends on Xη, not on X.
Remark 7.2. In [64] Nicaise generalizes the motivic integration construction to
generically smooth special formal R-schemes. A special formal R-scheme X is a separated
Noetherian adic formal scheme endowed with a structural morphism X Ñ Spf(R), such
that X is a finite union of open formal subschemes which are formal spectra of special R-
algebras. From Berkovich [11], a topological R-algebra A is special, iff A is topologically
R-isomorphic to a quotient of the special R-algebra
RtT1, ¨ ¨ ¨ , Tmu[[S1, ¨ ¨ ¨ , Sn]] = R[[S1, ¨ ¨ ¨ , Sn]]tT1, ¨ ¨ ¨ , Tmu.
The Noetherian adic formal scheme X has the largest ideal of definition J. The closed
subscheme of X defined by J is denoted by Xs, which is a reduced Noetherian κ-scheme.
We briefly review the motivic integration of Nicaise in [64] for special formal
schemes. Since every stft formal R-scheme X is a special formal scheme, the result
below definitely works for stft formal R-schemes.
Definition 7.3. Let X be a special formal R-scheme. By a Ne´ron smoothening we mean
a morphism of special formal R-schemes Y Ñ X, such that Y is adic smooth over R and
Yη Ñ Xη is an open embedding satisfying Yη( rK) = Xη( rK) for any finite unramified
extension rK of K.
In [64, §2], Nicaise proves that a Ne´ron smoothening of X exists and is given by
the dilatation of X. ThenY is a stft formal R-scheme.
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Definition 7.4. Let X be a generically smooth special formal R-scheme. We defineż
X
|ω| :=
ż
Y
|ω|
and ż
Xη
|ω| :=
ż
Yη
|ω|
for a gauge form ω on Xη.
We recall the motivic volume of Xη in [64]. For m ě 1, let K(m) := K[T]/(Tm ´
π) be a totally ramified extension of degree m of K, and R(m) := R[T]/(Tm ´ π)
the normalization of R in K(m). If X is a formal R-scheme, we define
X(m) := XˆR R(m)
and
Xη(m) := Xη ˆK K(m).
If ω is a gauge form on Xη , we denote by ω(m) the pullback of ω via the natural
morphism Xη(m)Ñ Xη.
Definition 7.5. Let X be a generically smooth special formal R-scheme. Let ω be a gauge
form on Xη. Then the volume Poincare´ series of (X,ω) is defined to be
S(X,ω; T) :=
ÿ
dą0
(ż
X(d)
|ω(d)|
)
Td PMXs [[T]].
Definition 7.6. Let X be a generically smooth flat R-formal scheme. A resolution of
singularities of X is a proper morphism h : Y Ñ X of flat special formal R-schemes such
that h induces an isomorphism on generic fibers, and such thatY is regular (meaning the
local ring at points is regular), with a special fiber a strict normal crossing divisorYs. We
say that the resolution h is tame if Ys is a tame normal crossing divisor.
By Temkin’s resolution of singularities for quasi-excellent schemes of
characteristic zero in [72], any affine generically smooth flat special formal R-
scheme X = Spf(A) admits a resolution of singularities by means of admissible
blow-ups.
In general for any generically smooth R-formal scheme X, suppose that there is
a resolution of singularities
(7.2.2) h : Y ÝÑ X
Let Ei, i P I , be the set of irreducible components of the exceptional divisors of
the resolution. For I Ă I , we set
EI :=
č
iPI
Ei
and
E˝I := EIz
ď
jRI
Ej.
Let mi be the multiplicity of the component Ei, which means that the special fiber
of the resolution is ÿ
iPI
miEi.
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Let mI = gcd(mi)iPI. Let U be an affine Zariski open subset of Y, such that, on U,
f ˝ h = uvmI , with u a unit in U and v a morphism from U to A1
C
. The restriction
of E˝I XU, which we denote by
rE˝I XU, is defined by
t(z, y) P A1C ˆ (E
˝
I XU)|z
mI = u´1u.
The E˝I can be covered by the open subsets U of Y. We can glue together all such
constructions and get the Galois cover
rE˝I ÝÑ E˝I
with Galois group µmI . Remember that µˆ = limÐÝµn is the direct limit of the groups
µn. Then there is a natural µˆ action on rE˝I . Thus we get [rE˝I ] PMµˆX0 .
Using resolution of singularities, in [64, Theorem 7.12], Nicaise proves the
following result:
Theorem 7.7. Let X be a generically smooth special formal R-scheme of pure relative
dimension d. Then we have a structural morphism f : X Ñ Spf(R). Suppose that X has
a resolution of singularities X1 Ñ X with special fiber X1s =
ř
iPI NiEi.
Let ω be a X-bounded gauge form on Xη , where the definition of bounded gauge form
is given by Nicaise in [64, Definition 2.11]. Then for any integer m ą 0,
ż
X(m)
|ω(m)| = L´d
ÿ
H‰JĂI
(L´ 1)|J|´1[rE˝J ]


ÿ
kiě1,iPJř
iPJ kiNi=d
L´
ř
i kiµi

 PMµmXs .
Furthermore, from [64, Corollary 7.13] we have:
Proposition 7.8. With the same notations and conditions as in Theorem 7.7, the volume
Poincare´ series S(X,ω; T) is rational over MXs . In fact, let µi := ordEi ω, then
S(X,ω; T) = L´d
ÿ
H‰JĂI
(L´ 1)|J|´1[rE˝J ]ź
iPJ
L´µiTNi
1´L´µiTNi
PM
µˆ
Xs
[[T]].
The limit
S(X, pKs) := ´ lim
TÑ8
S(X,ω; T) := L´dMF f
is called the motivic volume of X, where
MF f =
ÿ
H‰JĂI
(L´ 1)|J|´1[rE˝I ].
And
S(Xη, pKs) : = ´ lim
TÑ8
S(Xη,ω; T) = ´ lim
TÑ8
ÿ
mě1
(ż
Xη
|ω(m)|
)
Tm
= L´d
ż
Xs
MF f PM
µˆ
κ
is called the motivic volume of Xη.
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Definition 7.9. ([23], [62]) For the formal scheme f : XÑ Spf(R), the motivic cycle
MF f =
ÿ
H‰JĂI
(L´ 1)|J|´1[rE˝I ]
is called the motivic nearby cycle of f .
Let (X, f ) be a generically smooth formal R-scheme. From Proposition 7.8, the
motivic nearby cycle MF f belongs toM
µˆ
Xs
. For any point x P Xs, let
MF f ,x =
ÿ
H‰JĂI
(L´ 1)|J|´1[rE˝I X h´1(x)],
where h : X1 Ñ X is the resolution of singularities. We call MF f ,x the motivic
Milnor fiber of x P Xs.
In summary, if we let K(GBSRigK) be the Grothendieck ring of the category of
gauge bounded smooth rigid K-varieties. Here for an object Xη in GBSRigK we
understand that the rigid variety Xη comes from the generic fiber of a generically
smooth special formal R-scheme f : X Ñ Spf(R) with gauge bounded form ω.
The Grothendieck ring
K(GBSRigK) :=
à
dě0
K(GBSRigdK)
is defined in [47, §5.2].
Let K(BSRigK) be the Grothendieck ring of the category BSRigK of bounded
smooth rigid K-varieties, which is obtained from K(GBSRigK) by forgetting the
gauge form. Then we can represent the above results in §(7.2) as follows:
Theorem 7.10. There exists a homomorphism of additive groups:
MV : K(BSRigK)ÑM
µˆ
κ
given by:
[Xη] ÞÑ S(Xη, pKs)
for a generically smooth special formal R-scheme X. Moreover, if X has relative dimension
d, then
MV([Xη]) = L
´d ¨
ż
Xs
MF f PM
µˆ
κ .
SoMV is a morphism from the group K(BSRigK) to the groupM
µˆ
κ .
Moreover, if x P Xs and let
fˆx : Spf( pOX,x)Ñ Spf(R)
be the formal completion of X along x, then the generic fiber Spf( pOX,x)η of the formal
completion is the analytic Milnor fiber Fx( fˆ ) of fˆ at x in Definition 2.2 and (2.5), and we
have
MV([Fx( fˆ )]) = L
d ¨MF f ,x.
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7.3. Global motive of oriented formal d-critical schemes. We first define the
motive of principal Z2 bundles.
Let Z2(X) be the abelian group of isomorphism classes [P] of principal Z2-
bundles P Ñ X, with multiplication [P] ¨ [Q] = [P bZ2 Q] and the identity the
trivial bundle [X ˆZ2]. We know that P bZ2 P – X ˆZ2, so every element in
Z2(X) has order 1 or 2.
In [18], the authors define the motive of a principal Z2-bundle PÑ X by:
Υ(P) = L´
1
2 d ([X, ιˆ]´ [P, ρˆ]) PM
µˆ
X ,
where ρˆ is the µˆ-action on P induced by the µ2-action on P.
In [18], for any scheme Y, the authors define an ideal I
µˆ
Y in M
µˆ
Y which is
generated by
φ˚(Υ(PbZ2 Q)´Υ(P)dΥ(Q))
for all morphisms φ : X Ñ Y and principal Z2-bundles P,Q over X. Then define
M
µˆ
Y = M
µˆ
Y/I
µˆ
Y.
Then (M
µˆ
Y,d) is a commutative ring with d and there is a natural projection
śµˆ
Y :
M
µˆ
Y ÑM
µˆ
Y.
Let (X, s) be an oriented formal d-critical R-scheme and K
1
2
X,s exists as a line
bundle over X. Let (R,U, f , i) be a formal critical chart of (X, s). Then we have:
fˆ : RÑ Spf(R)
is a formal scheme, such that the underlying scheme is given by the critical locus
of the function f . Then we have the sheaf of vanishing cycles
MF
φ
U, f PM
µˆ
Xs
by
MF
φ
U, f |Xc = L
´dim(U)/2d [[Uc, ιˆ]´MFU, f´c]|Xc
where MFU, f´c is the motivic nearby cycle of fˆ ´ c in Definition 7.9. Our main
result in this section is:
Theorem 7.11. If (X, s) is a stft formal d-critical R-scheme with an orientation K
1
2
X,s.
Then there exists a unique motive
MF
φ
X,s PM
µˆ
Xs
such that if (R,U, f , i) is a formal critical chart on (X, s), then
MF
φ
X,s|R = i
‹(MF
φ
U, f )d Υ(QR,U,i) PM
µˆ
Rs
where Υ(QR,U,i) = L
´ 12 d ([R, ιˆ]´ [Q, ρˆ]) P M
µˆ
Rs
is the motive of the principal Z2-
bundle as in [18, §2.5] and recalled above.
Proof. We need to show that for formal critical charts (R,U, i, j), (S,V, g, j),
(7.3.1)
[
i‹(MF
φ
U, f )dΥ(QR,U, f ,i)
]
|RXS =
[
j‹(MF
φ
V,g)dΥ(QS,V,g,j)
]
|RXS.
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Recall the orientation of (X, s). For any x P RXS, we choose (R1,U1, f 1, i1) and
(S1,V1, g1, j1) and (T,W, h, k) such that we have morphisms
Φ : (R1,U1, f 1, i1)Ñ (T,W, h, k)
Ψ : (S1,V1, g1, j1)Ñ (T,W, h, k).
The quadratic form QT,W,h,k satisfies the property:
QT,W,h,k|R1 – i|
‹
R1(PΦ)bZ2 QR,U, f ,i|R1
for PΦ Ñ Crit( f
1) the principal Z2-bundle of orientations of (NU1W|Crit( f 1), qU1W),
and the data are defined by the following local isomorphisms:
α : K
1
2
X,s|R1 Ñ i
‹(KU)|R1 ; β : K
1
2
X,s|R1 Ñ i
‹(KU)|R1 ;
γ : i‹(KU)|R1 Ñ k
‹(KW)|R1
where
αb α = ιR,U f i|R1 ,
βb β = ιT,Whk|R1 ,
γb γ = i|‹R1(JΦ).
Then we can calculate as in (5.10) of [18],[
k‹(MF
φ
W,h)d Υ(QTWhk)
]
|R1 =
[
i‹(MF
φ
U, f )dΥ(QRU f i)
]
|R1 .
Similarly for Ψ,[
k‹(MF
φ
W,h)d Υ(QTWhk)
]
|S1 =
[
j‹(MF
φ
V,g)d Υ(QSVgj)
]
|S1 .
So (7.3.1) is proved by restricting toR1XS1. Hence MF
φ
U, f glue to give the global
motive MF
φ
X,s. 
Corollary 7.12. Let (X, s) be a d-critical Spec(κ[t])-scheme in the sense of Joyce [42],
and let (X, s) be the formal t-adic completion of X. Then by the relative GAGA there is a
unique coherent sheaf PX which is the formal completion of PX, and a section s P PX,
such that (X, s) is a d-critical formal scheme over R. Moreover, the unique global motive
MF
φ
X,s is the same as MFX,s as an element in M
µˆ
X .
Proof. By the relative GAGA in [21], the first statement is obvious. For the second
one, note that locally the motivic vanishing cycles MF
φ
U, f is defined by the
motivic nearby cycles, which are the same for formal d-critical charts (R,U, f , i)
and d-critical charts (R,U, f , i). So by gluing they must give the same global
motive inM
µˆ
X since Xs = X. 
Remark 7.13. The motivic vanishing cycle MFU, f is close related to the perverse sheaf
of vanishing cycles PV U, f as in [10] and [71]. In [71], Sabbah proves that the perverse
sheaf of vanishing cycles PV U, f is isomorphic to the cohomology of a formal twisted de
Rham complex, which is the Kontsevich conjecture and is inspired by the deformation
quantization in physics. It seems that working over the non-archimedean field κ((t)) is the
right way for the quantization.
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7.4. Global motive for oriented d-critical non-archimedean analytic spaces. Let
(X, s) be a d-critical K-analytic space. Choose a d-critical formal model (X, s) for
(X, s) such that the generic fiber Xη – X.
Definition 7.14. We define the global motive MF
φ
X,s to be
MF
φ
X,s :=
ż
Xs
MF
φ
X,s PM
µˆ
κ ,
where
ş
Xs
means pushforward to a point.
Proposition 7.15. For a d-critical K-analytic space (X, s), the global motive MF
φ
X,s
depends only on the d-critical K-analytic space (X, s).
Proof. The global motive MF
φ
X,s is defined by
ş
Xs
MF
φ
X,s for a formal model
of (X, s). Then the result just follows from Theorem 7.10 and [64, Proposition-
Definition 7.43]. 
7.5. Maulik’smotivic localization formula under the Gm-action. We prove a Gm-
localization formula for the global motive MF
φ
X,s for an oriented d-critical K-
analytic space (X, s). In the scheme level, this motivic localization formula is
originally due to D. Maulik [59], who, using the torus action on local vanishing
cycle sheaves, proved the motivic localization formula as recalled in [18, Theorem
5.16]. We generalize Maulik’s motivic localization formula to formal schemes and
non-archimedean K-analytic spaces and prove it by using motivic integration for
formal schemes as in [64], [47] and [35].
7.5.1. Gm-localization formula. Let (X, s) be a d-critical formal R-scheme with a
good Gm-action. Let
XGm =
ğ
iPJ
XGmi
be the decomposition of the fixed locusXGm into connected components, such that
(XGmi , s
Gm
i ) are oriented formal d-critical schemes. On the tangent space TxXi of Xi
at a point x P Xi, where we take TxXi as a R-module ( when reduced to the residue
field κ, TxXi becomes the tangent space Tx(Xi)s of the scheme (Xi)s). The action
Gm has a decomposition
Tx(Xi) = (TxXi)0 ‘ Tx(Xi)+ ‘ (Tx(Xi))´
where the direct sums are the parts of zero, positive and negative weights with
respect to the Gm-action. Maulik [59] defined the virtual index
(7.5.1) indvirt(XGmi ,X) = dimR(Tx(X)+)´ dimR(Tx(X)´)
so that it is constant on the strata XGmi .
All the above arguments work for d-critical K-analytic space (X, s)with a good
Gm-action. Let
XGm =
ğ
iPJ
XGmi
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be the decomposition of the fixed locus XGm into connected components, such
that (XGmi , s
Gm
i ) are oriented d-critical non-archimedean spaces. The action Gm has
a decomposition
Tx(Xi) = (TxXi)0 ‘ Tx(Xi)+ ‘ (Tx(Xi))´
where the direct sums are the parts of zero, positive and negative weights with
respect to the Gm-action. The virtual index
indvirt(XGmi ,X) = dimK(Tx(X)+)´ dimK(Tx(X)´)
is similarly defined and is constant on the strata XGmi .
Definition 7.16. We call the action
µ : Gm ˆXÑ X; (or µ : Gm ˆX Ñ X)
circle-compact if the limit limλÑ0 µ(λ)x exists for any x P X(or x P X). If X(or X) is
proper, then any Gm-action on X(or X) is circle-compact.
We present the generalization of Maulik’s motivic localization formula in [59]
to d-critical non-archimedean K-analytic spaces.
Theorem 7.17. Let (X, s) be a d-critical non-archimedean K-analytic space and µ is a
good, circle-compact action ofGm on X, which preserves the orientation K
1
2
X,s. Then on each
fixed strata XGmi , there is an oriented d-critical K-analytic space structure (X
Gm
i , s
Gm
i ),
hence a global motive MF
φ
XGmi ,s
Gm
i
. Moreover we have the following motivic localization
formula
MF
φ
X,s =
ÿ
iPJ
L´ ind
virt(XGmi ,X)/2dMF
φ
XGmi ,s
Gm
i
PM
µˆ
κ .
Proof. For the oriented d-critical non-archimedean K-analytic space (X, s), we
choose a formal model (X, s), which is an oriented formal d-critical scheme. From
Proposition 7.15, the global motive
MF
φ
X,s =
ż
Xs
MF
φ
X,s
only depends on (X, s), and is independent to the choice of the formal models.
So it is sufficient to prove the result for a formal model (X, s) of (X, s). Then
the Gm-action on X can be extended to a good and circle-compact action on the
formal scheme X. For each Gm-fixed strata (Xi, s
Gm
i ), there is a corresponding Gm-
fixed strata (Xi, , s
Gm
i ), which is an oriented d-critical formal R-scheme. We need
to prove the formula:
(7.5.2)
ż
Xs
MF
φ
X,s =
ÿ
iPJ
L´ ind
virt(XGmi ,X)/2 d
ż
(XGmi )s
MF
φ
XGmi ,s
Gm
i
PM
µˆ
κ .
We divide the proof into three steps.
Step 1: We first prove the result on a formal d-critical chart (R,U, f , i) on (X, s).
We have the formal scheme
U = Spf(Rtx1, ¨ ¨ ¨ , xmu); f P Rtx1, ¨ ¨ ¨ , xmu
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and
fˆ : R = Spf(Rtx1, ¨ ¨ ¨ , xmu/(Id f ))Ñ Spf(R).
From our definition of motivic vanishing cycles,
MF
φ
U, f = L
´ 12 dim(U) ¨ ([U]´MFU, f ),
where MFU, f is the motivic nearby cycle of the formal scheme fˆ , see Definition
7.9. Let
RGm =
ğ
i
RGmi
be the decomposition of RGm into Gm-fixed connected components. Since the
function f is Gm-invariant, we can choose coordinates on U such that
TxX
has dimension dim(U) for x P RGmi , see [25, Corollary 5.1.13]. The Gm-action on U
has a decomposition
U = UGm ‘ U+ ‘ U´
under the Gm-weights on the tangent space of U. Then inside
TxX = (TxXi)0 ‘ Tx(Xi)+ ‘ (Tx(Xi))´,
the dimensions of (TxXi)0, Tx(Xi)+, (Tx(Xi))´ are exactly
dim(UGm), dim(U+), dim(U´), respectively, and
x P UGmi = Spf(Rtx1, ¨ ¨ ¨ , xru);
for r ď m. Here we assume that
U+ = Spf(Rtxr+1, ¨ ¨ ¨ , xsu); U´ = Spf(Rtxs+1, ¨ ¨ ¨ , xmu).
Hence (RGmi ,U
Gm
i , f
Gm , iGm) is a formal d-critical chart and (RGmi , s
Gm = iGm,‹s) is
a d-critical formal scheme, where iGm : RGmi ãÑ R is the inclusion. Since X
Gm
i is
covered by
Ť
iR
Gm
i for the formal d-critical charts, then we have (X
Gm
i , s
Gm
i ) is a
formal d-critical scheme over R for any i.
We show that there is an induced orientation on (XGmi , s
Gm
i ). For the formal d-
critical chart (RGmi ,U
Gm
i , f
Gm , iGm) of (XGmi , s
Gm
i ), consider the following diagram
RGmi
  iGm //
 _
iR

UGmi  _
jU

R
  i // U,
where all the morphisms are inclusions. Since the Gm-action preserves the
orientation K
1
2
X,s, we make the following diagram:
i‹RK
1
2
X,s|R
i‹Rα //
:=

i‹Ri
‹(KU)
–

K
1
2
X
Gm
i ,s
Gm
i
|
RGmi
// (iGm)‹ j‹U(KU),
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where α : K
1
2
X,s|R
–
ÝÑ i‹(KU) is the local isomorphism determined by the
orientation K
1
2
X,s, and we define K
1
2
XGmi ,s
Gm
i
by the gluing of the local data above.
Hence there exists an orientation K
1
2
X
Gm
i ,s
Gm
i
on (XGmi , s
Gm
i ). In practice, if X is the
completion of a moduli scheme X of stable sheaves over a smooth Calabi-Yau
threefold, then there is a d-critical scheme structure (X, s) on X, and the canonical
line bundle KX,s =
{det(E‚X) is the completion of the determinant line bundle
of the symmetric obstruction theory complex E‚X . If the Gm-action preserves
the orientation K
1
2
X,s, then there exists an equivariant symmetric obstruction
on (X, E‚X), and on the fixed locus X
Gm
i , there exists an induced symmetric
obstruction theory and an oriented d-critical scheme structure (XGmi , s
Gm
i ). Taking
completion we get the oriented formal d-critical scheme structure (XGmi , s
Gm
i ).
Step2: We prove the following:
(7.5.3)
ż
Rs
MFU, f =
ÿ
iPJ
L´ ind
virt(RGmi ,R)/2 ¨
ż
(RGmi )s
MF
UGmi , f
Gm
From Theorem 7.10, also [48], we haveż
Rs
MFU, f = L
dim(U) ¨MV([Rη]).
HereRη is the generic fiber of the formal scheme RÑ Spf(R) and
Rη =
$’’&
’’%(x0, x+, x´) P A
m,an
K
ˇˇˇ val(x0) ą 0;
val(x+) ą 0;
val(x´) ě 0;
f (x0, x+, x´) = t.
,//.
//-
Here val(x0) := min1ďiďrtval(xi)u, and val(x+) := minr+1ďiďstval(xi)u,
val(x´) := mins+1ďiďmtval(xi)u. We explain here why in Rη , val(x´) ě 0. This
is because the Gm-action on R is circle-compact, which means that limλÑ0 µ(λ)x
exists onR. The formal schemeRÑ Spf(R) is the formal completion of the formal
scheme UÑ Spf(R) alongR = Crit( f ). So the condition that the Gm-action on the
cell U+ has positive weights is a closed condition on Rs, and the corresponding
preimage under the specialization map
sp : Rη Ñ Rs
must be open which is |x+| ă 1 and equivalent to val(x+) ą 0; while on the
affine formal scheme U´, the Gm-action has negative weights and this is an open
condition on Rs, so the corresponding preimage under the specialization map sp
is closed, which is |x´| ď 1 and equivalent to val(x´) ě 0. Now let
Rη = R0 \R1,
where
R0 = t(x0, x+, x´) P Rη|x+ = 0 or x´ = 0u
R1 = t(x0, x+, x´) P Rη|x+ ‰ 0, x´ ‰ 0u = RηzR0.
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Since the function f is Gm-invariant, if one of x+, x´ is zero, then the function f
will not have x+, x´ terms, i.e.,
f (x0, x+, x´) = f (x0, 0, 0).
We use the same arguments as in [38, Theorem 3.9] to show
MV([R1]) = 0.
The key point is that using the Cluckers-Loeser motivic constructible functions the
motivic volume of an annulus is zero. For the completeness, we provide a proof
here.
The idea of Clucker-Loeser is to do integration on subobjects of κ((t))mˆ κˆZr.
In [20, §16.2, §16.3] and [38, §3.2], let T be the theory of algebraic closed fields
containing κ, then (K((t)),K,Z) is a model for T for any field K containing κ. The
primary definable T-subassignment has the forms
h[m, n, r](K) := K((t))m ˆKn ˆZr.
A general definable T-subassignment hϕ is determined by a formula ϕ. For
instance, if ϕ = W = Xˆ XˆZr, with X a κ((t))-variety, X a κ-variety, then
hW(K) = X(K((t)))ˆ X(K)ˆZ
r.
Let Defκ be the category of all definable T-subassignments and S P Defκ be an
element. Then we have the equivariant Grothendieck group K
µˆ
0 (RDefS), where
RDefS is the subcategory of DefS whose objects are subassignments of Sˆ hAnκ for
variable n, morphisms to S are the ones induced by the projection onto the S-factor.
Let
A := Z[L,L´1, (1´Li)´1, i ą 0].
For S P Defκ , let P(S) be the subring of the ring of functions
SÑ A
generated by:
(1) all constant functions into A;
(2) all definable functions SÑ Z;
(3) all functions of the form Lα, where α : SÑ Z is a definable function.
The ring of the monodromic constructible motivic functions C µˆ(S) on S are
defined as:
C
µˆ(S) = K
µˆ
0 (RDefS)bP0(S) P(S)
where P0(S) is the subring of P(S) generated by L´ 1 and by character function
1Y for all definable subassignments Y of S. See [38, Definition 3.5], and [38,
Proposition 3.6] for more details.
First Ną0 P Defκ . Similar to [48, Theorem 5.1], we show that MV([R1]) P
C µˆ(Ną0), with structural map:
θ : (x0, x+, x´) ÞÑ val(x+) + val(x´).
From Theorem 7.8,
MV([R1]) = ´ lim
TÑ8
ÿ
mě1
(ż
R1(m)
|ω(m)|
)
Tm,
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with ω a gauge form on R1. By choosing a formal model R1 of R1 and a Ne´ron
smoothening R1, according to [64, §4],ż
R1(m)
|ω(m)| =ż
R10
ÿ
nPZ
[t(x0, x+, x´) P Grl R
1(m)| ordt1/m,R1(m)(ω(m))(x0, x+, x´) = nu Ñ R
1
0]
So the correspondence
(x0, x+, x´) ÞÑ ordt1/m(x+) + ordt1/m(x´)
defines a mapping
θm :
ż
R1(m)
|ω(m)| Ñ Ną0
for each m P Ną0. All of these maps θm give a map:
θ : MV([R1])Ñ Ną0.
So MV([R1]) can be taken as an element in C
µˆ(Ną0) with structure morphism θ.
Let n P Ną0, and θ
´1
m (n) is a definable subset of
ş
R1(m)
|ω(m)| defined by
val(x+) + val(x´) = n
i.e.
θ´1(n) = MV([R1, n])
where
R1,n :=
ď
mě1
t(x0, x+, x´) P X1|val(x+) + val(x´) =
n
m
u.
A same proof as in [38, Lemma 3.10] shows
MV
(
[t(x0, x+, x´) P R1|val(x+) + val(x´) =
n
m
u]
)
= 0.
The key part is that the motivic volume of an annulus is zero.
Then let
sn : R1,n Ñ Ną0
be the map
(x0, x+, x´) ÞÑ m, if val(x+) + val(x´) =
n
m
.
Then θ´1(n) = MV([R1,n]) P C
µˆ(Ną0) and there is a structural mapping
τn : θ
´1(n)Ñ Ną0
induced by sn. For any m P Ną0,
τ´1n (m) = MV
(
[t(x0, x+, x´) P R1|val(x+) + val(x´) =
n
m
u]
)
= 0.
By [38, Theorem 3.7], there is a map
M : C µˆ(Ną0)ÑM
µˆ
κ,loc[[T]]Γ
which is an isomorphism of rings, so
M(θ´1(n)) =
ÿ
mě1
τ´1n (m)T
m = 0
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and
θ´1(n) = 0 P C µˆ(Ną0).
Hence
θ´1(n) = 0 PM
µˆ
κ,loc.
Then
M(MV([R1])) =
ÿ
mě1
θ´1(n)Tn = 0.
So
MV([R1]) = 0.
Let us do the case MV([R0]). Let m˘ = dim(U˘). Similar to [38, Theorem 3.8],
we write
R0 = Y0 ˆ Zη
where
Y0 =
"
(x+, x´) P A
m++m´,an
K
ˇˇˇ
val(x+) ą 0;
val(x´) ě 0;
*
and
Zη =
"
(x0, 0, 0) P A
m,an
K
ˇˇˇ
val(x0) ą 0;
f (x0, 0, 0) = t.
*
Then let dx+ ^ dx´ := dxr+1 ^ ¨ ¨ ¨ ^ dxm be the standard gauge form on the open
and closed ball Y0 (open on x+ and close on x´). From [64, Theorem 7.3] or [38,
Theorem 2.6], we calculate ż
Y0(m)
|dx+ ^ dx´| = L
´m+
since close ball has motivic volume 1, and open ball has motivic volume L´dim.
So ż
Rs
MFU, f = L
dim(U) ¨MV([Rη])
= Ldim(U) ¨MV([R0] + [R1])
= Ldim(U) ¨MV([R0])
= Ldim(U) ¨MV([Y0 ˆ Zη])
= ´Ldim(U) ¨ lim
TÑ8
ÿ
mě1
(ż
Y0(m)ˆZη(m)
|dx+ ^ dx´^ω(m)|
)
Tm
= ´Ldim(U) ¨L´m+ ¨ lim
TÑ8
ÿ
mě1
(ż
Zη(m)
|ω(m)|
)
Tm
= Ldim(U)´m+ ¨L´dim(U
Gm ) ¨MFUGm , f |
UGm
= Lm´ ¨MFUGm , f |
UGm
.
Hence
(7.5.4) L´
1
2m ¨
ż
Rs
MFU, f = L
´ 12 (m+´m´) ¨L´
1
2m0 ¨MFUGm , f |
UGm
.
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For the trivial motive [U], it is clear thatż
Rs
[U]|Rs = L
dim(U) ¨MV([Uη])(7.5.5)
=
ż
Rs
([U0] + [U1])
=
ż
Rs
([U0])
= Lm´ ¨ [UGm ],
where we use the same calculation as above such that
U0 = t(x0, x+, x´) P Uη|x+ = 0 or x´ = 0u
U1 = t(x0, x+, x´) P Uη|x+ ‰ 0, x´ ‰ 0u
and MV([U1]) = 0 as in [38, Theorem 3.9]. So from (7.5.5),
(7.5.6) L´
1
2m
ż
Rs
[U]|Rs = L
´ 12 (m+´m´) ¨L´
1
2m0 ¨
ż
(RGmi )
[UGm ]
So from (7.5.4) and (7.5.6), we have
(7.5.7) MF
φ
U, f =
ÿ
iPJ
L´
1
2 ind
virt(RGmi ,R)/2 ¨
ż
(RGmi )s
MF
φ
U
Gm
i , f |UGm
i
.
Step 3: Finally we need to glue the formulas in (7.5.7) to get a global
formula. The Gm-fixed formal subschemes X
Gm is covered by formal d-
critical charts (RGmi ,U
Gm
i , f |UGmi
, i|
RGmi
), and from Proposition 6.21, (XGm , sGm)
is also an oriented d-critical formal scheme over R. For different formal d-
critical charts (R,U, f , i) and (S,V, g, j) such that (RGmi ,U
Gm
i , f |UGmi
, i|
RGmi
) and
(SGmi ,V
Gm
i , g|VGmi
, j|
SGmi
) are open formal d-critical charts of components of XGmi ,
the global motive MF
φ
X,s agrees on the overlapRXS andMF
φ
XGm ,sGm
agrees on
the intersection RGm XSGm . So to show that the local formula (7.5.7) glue to give
the result in the theorem, we need to explain the role of the extra term Υ(QR,U, f ,i)
in
MF
φ
X,s|R = i
‹(MF
φ
U, f d Υ(QR,U, f ,i))
where Υ(QR,U, f ,i) is the principal Z2-bundle over R such that it parametrizes the
local isomorphisms:
α : K
1
2
X,s|R
„
Ñ i‹(KU)|R
and αb α = ιR,U, f ,i. Under the torus Gm-action,
Υ(QR,U, f ,i) =
ÿ
iPJ
Υ(Q
RGmi ,U
Gm
i , f |UGm
i
,i|
R
Gm
i
)
since Υ(QR,U, f ,i) = L
´ 12 d ([R, iˆ] ´ [Q, ρˆ]) and the motivic volume of the non-
fixed locus of R is zero. The proof is similar to the proof in Step 2. Hence similar
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to the proof as in Theorem 7.11, we need to show: on (XGmi , s
Gm
i ), for any formal
d-critical charts
(RGmi ,U
Gm
i , f |UGmi
, i|
R
Gm
i
); (SGmi ,V
Gm
i , g|VGmi
, j|
S
Gm
i
)
we have[
(i
R
Gm
i
)‹(MF
φ
U
Gm
i , f |UGm
i
)d Υ(Q
R
Gm
i ,U
Gm
i , f |UGm
i
,i|
R
Gm
i
)
]
|
R
Gm
i XS
Gm
i
=
[
(j
SGmi
)‹(MF
φ
V
Gm
i ,g|VGm
i
)d Υ(Q
SGmi ,V
Gm
i ,g|VGm
i
,j|
S
Gm
i
)
]
|
RGmi XS
Gm
i
.
This is a similar argument as in the proof of Theorem 7.11. Hence the data
MF
φ
U
Gm
i , f |UGm
i
d Υ(Q
R
Gm
i ,U
Gm
i , f |UGm
i
,i|
R
Gm
i
) glue to give MF
φ
X
Gm
i ,s
Gm
i
and Formula
(7.5.2) follows. 
Remark 7.18. If (X, s) is an oriented d-critical scheme in [42], the result in Theorem 7.17
is originally due to D. Maulik [59], where he used the vanishing cycle of regular function
f : U Ñ C on a d-critical chart (R,U, f , i), and the gluing of the local data in [42, §2.6].
Maulik’s paper is still unavailable, but we believe that the method he uses is different from
ours by the motivic integration on the formal d-critical chart (R,U, f , i).
7.5.2. Motivic localization of Donaldson-Thomas invariants. In this section we apply
the above result to the motivic Donaldson-Thomas invariants.
Let Y be a smooth Calabi-Yau threefold. Fixing a curve class β P H2(Y,Z)
and an integer n, let X := Mn(Y, β) be the moduli space of stable sheaves F with
topological data (1, 0, β, n) P H˚(Y,Z). Then from [18], [67], X can be lifted to
a (-1)-shifted symplectic derived scheme, and hence a d-critical scheme structure
(X, s). Thus there exists a unique coherent sheaf PX on X. Also from [18], there
exists a canonical line bundle KX,s, and if a square root K
1
2
X,s exists, then there is a
unique global motive MF
φ
X,s in M
µˆ
X .
Take X as a scheme over Spec(κ[t]). Let
X := lim
ÐÝ
n
(X/(tn))
be the formal t-adic completion of X. Then X is a stft formal R-scheme over R.
Let PX = yPX be the formal completion of the coherent sheaf PX on X, then
(X, s P PX) is a formal d-critical scheme.
Proposition 7.19. Let Y be a smooth Calabi-Yau threefold over κ of character zero, and
X = Mn(Y, β) the moduli scheme of stable coherent sheaves in Coh(Y) with topological
data (1, 0, β, n). Then the t-adic formal completion X = pX of X and its generic fiber
Xη have a formal d-critical scheme structure (X, s) and a d-critical non-archimedean
analytic space structure (Xη, s). The canonical line bundle KX,s is isomorphic to the formal
completion of the canonical line bundle KX,s where (X, s) is the d-critical scheme in [42].
Moreover, if there exists an orientation K
1
2
X,s, then there exists a unique MF
φ
X,s P M
µˆ
X
such that if X admits a good circle-compact Gm-action which preserves the orientation
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K
1
2
X,s, then ż
Xs
MF
φ
X,s =
ÿ
iPJ
L´ ind
virt(XGmi ,X)/2d
ż
Xi
MF
φ
XGmi ,s
Gm
i
where XGm =
Ů
iPJ X
Gm
i is the fixed locus of X under the Gm-action.
Proof. We take X as a scheme over Spec(κ[t]). The t-adic formal completion X
of X is a stft formal scheme and it has a d-critical formal scheme structure (X, s)
from above arguments. Hence from Proposition 6.14, its generic fiber Xη also has
a d-critical non-archimedean analytic space structure (Xη, s).
The good and circle-compact Gm-action on X will induce a good and circle-
compact Gm-action on X, and the formal completion X
Gm
i of the fixed locus X
Gm
i
has a d-critical formal scheme structure (XGmi , s
Gm
i ). Hence the result just follows
from Theorem 7.17. 
Remark 7.20. For a d-critical scheme (X, s), the canonical line bundle KX,s is isomorphic
to det(E‚X), where E
‚
X Ñ L
‚
X is the symmetric obstruction theory of X determined by the
d-critical scheme (X, s) in the sense of [4]. Recall that the d-critical scheme (X, s) is the
underlying classical scheme of a (´1)-shifted symplectic derived scheme X, and roughly
speaking the (´1)-shifted symplectic derived scheme X is the scheme (X, E‚X) together
with its cotangent complex E‚X .
We have the following interesting corollary.
Corollary 7.21. Let (X, s) be an oriented formal d-critical scheme over R such that it
is the formal completion of an oriented d-critical scheme of [42]. Suppose that X admits a
good and circle-compactGm-action such that the Gm-action preserves the orientation K
1
2
X,s,
and the torus fixed points consist of finitely many isolated points, thenż
Xs
MF
φ
X,s =
ÿ
PPXGm
L´
1
2 ind
virt(tPu,X).
Remark 7.22. B. Szendroi pointed out that the formula in Corollary 7.21 is useful for the
calculation of motivic Donaldson-Thomas invariants for some compact DT or PT moduli
spaces, see [19].
Example 4. Hilbert scheme of points on A3κ . In the last section we talk about an
interesting example, such that we can not find a Gm-action satisfying the condition in
Corollary 7.21.
Let X := Hilbn(A3κ) be the Hilbert scheme of n-points on Spec(κ[x, y, z]) = A
3
κ .
When n ě 4, X is a singular variety. Let M(nˆ n) be the space of all nˆ n matrices over
κ. Let V be an n-dimensional complex vector space, and matrices B1, B2, B3 P End(V).
Let v P V and suppose that B1, B2, B3, v generate the vector space V. We say that the
5-tuple (V, B1, B2, B3, v) satisfies the stability condition if there is no proper subspace
V0 Ă V such that V0 is stable under B1, B2, B3. Define an action of GLn on the set of
5-tuples by
(7.5.8) P ¨ (V, B1, B2, B3, v) = (V, PB1P
´1, PB2P
´1, PB3P
´1, Pv).
Then we have a statement about the Hilbert scheme Hilbn(C3) of n-points on A3κ .
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Proposition 7.23.
Hilbn(A3κ) =
$&
%(V, Bi, v) P M(nˆ n)3 ˆAnκ
ˇˇˇ
ˇˇˇ dimV = n, Bi P End(V),v P V,(stability), and v, Bi generate V,
B1, B2, B3 commute.
,.
-
/
–,
where (V, B1, B2, B3, v) – (V, B
1
1, B
1
2, B
1
3, v
1
) if there is a matrix P P GLn such that
P ¨ (V, B1, B2, B3, v) = (V, B
1
1, B
1
2, B
1
3, v
1
).
Let
(7.5.9)
M :=
"
(V, Bi, v) P M(nˆ n)
3 ˆAnκ
ˇˇˇ
ˇ dimV = n, Bi P End(V),v P V,(stability), and v, Bi generate V.
*/
– .
Then in [5], the authors prove that the space M is a smooth scheme.
Define a function
(7.5.10) f : M ÝÑ A1κ
by
f ((V, Bi, v)) = tr(B1[B2, B3]),
where tr is the trace. From [5],
(7.5.11) Hilbn(A3κ) = Crit( f ).
Behrend, Bryan and Szendroi [5] directly calculated the motivic generating function of
the Hilbert scheme of points on A3κ . Define
(7.5.12) Z
A3κ
(T) =
8ÿ
n=0
[Hilbn(A3κ)]
virtTn PMκ [[T]]
where [Hilbn(A3κ)]
virt = L´
1
2 dim(M)[MF
φ
M, f ] and MF
φ
M, f is the motivic vanishing
cycle of f , here
MF
φ
M, f = [M0]´ [MF M, f ]
andMFM, f is the motivic nearby cycle of f . In [5], the scheme X admits a circle-compact
Gm-action, but this action does not satisfy the conditions in Corollary 7.21. This is because
the Gm-action on X is induced from the action on A
3
κ , which has all positive weights on
A3κ . So it does not preserve the potential function f . But using this action, in the Appendix
B of [5], Behrend-Bryan-Szendroi prove
[MF M, f ] = [ f
´1(1)]; [MF
φ
M, f ] = [ f
´1(1)]´ [ f´1(0)].
Then one can directly calculate f´1(1)´ f´1(0) using the matrix space representation of
the Hilbert scheme X. The beautiful calculation yields the following formula:
(7.5.13) Z
A3κ
(T) =
8ź
m=1
m´1ź
k=0
(1´Lk+2´
m
2 Tm)´1.
The torus Gm-action on X has isolated fixed points, which correspond to monomial
ideals of κ[x, y, z]. The monomial ideals of length n are one-to-one correspondence to
3D plane partitions P. Although the conditions in Corollary 7.21 do not hold, we still
conjecture that
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Conjecture 7.24.
ZA3κ(T) =
8ÿ
n=0
(
L´
1
2 (dim(TPX)+´dim(TPX)´)
)
Tn
So Conjecture (7.24) must be the formula (7.5.13).
As pointed out in [61, §8.2.5], the index
indvirt(P,X) = dim(TPX)+ ´ dim(TPX)´)
is a complicated function of 3D partitions. In some special cases, this may be calculated by
certain sum of boxes in the 3D partition P. Bryan and Szendroi also have some calculations
on the pattens of the boxes in the 3D partitions and also in some special cases, they can
calculate the index.
Of course it is really interesting if we can get the global formula (7.5.13) from motivic
localization formula (7.24). At the moment, we can not achieve this goal. But at least
the formula (7.24) gives some information of single value of the Behrend function on the
isolated fixed points as:
νX(P) = lim
L
1
2Ñ(´1)
L´
1
2 ind
virt
= (´1)n.
We can not get the Behrend function information directly from the formula (7.5.13) of
Behrend-Bryan-Szendroi [5].
Remark 7.25. As mentioned in [61], D. Maulik in [59] used the motivic localization
formula to prove the formulas in [61, Theorem] is actually the refined Donaldson-Thomas
invariants.
.
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